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1.0 INTRODUCTION 

1.1 BACKGROUND AND OBJECTIVE 

A problem which has long been of importance to the experimentalist 

is the determination of radially dependent physical properties In 

axlsymmetrlc sources from measurements of integrated properties along 

a line of sight. One important example of thls type of problem is 

the calculation of the radial distribution of emission coefficients 

from observations of the radiance (radiated power per unit area per 

unlt solid angle) from a cylindrically symmetric radiating source. When 

the source is optically thin, the solution to a problem of thls type is 

usually reached by the use of the Abel transform (Ref. I). The appli- 

cation of the Abel transform in this instance requires the emission 

coefficients to have cylindrical symmetry. Wlth the cylindrical symmetry 

assumption, the measured radiance, l(x), can be written (Fig. I) as 

S R e(r) r dr 
l(x) = 2 (I) 

x (r 2 _ x2) ~ 

Here I(x) is the measured radiance (radiated power per unlt area per unlt 

solid angle), which is a function of the displacement x, r Is the local 

radius, R is the maximum radius of the source, and c(r) ls the emission 

coefficient (radiated power per unlt volume per unit solid angle). Note 

that l at each x is the result of integrating the emlssion coefficient 

c across the extent of the source. The factor 2 arises because of the 

cylindrical symmetry assumption. Equation (I) is a form of the Abel 

integral equation (Ref. 2). 

The use of Abel's transformation yields 

e(r)=-J- In dX/dx 
r (x 2 - r2)l;i 

dx (2) 
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Equation (2) is the inversion equation which gives the radial emission 

coefficient in terms of the geometry of the source and the measured 

radiance distribution. Details of the development of Eqs. (I) and (2) 

are found, for example, in Ref. I. 

- ~  E(r) 

X 

I(x) 

l l l l 

i i 1 1  

I 
R 

I~ X 

Figure 1. Geometry of the axisymmetric source. 

A number o f  me thods  have  been  a p p l i e d  t o  t h e  s o l u t i o n  o f  Eqs.  (1) 

and (2) t o  o b t a i n  t h e  r a d i a l  d i s t r i b u t i o n  o f  t h e  unknown e m i s s i o n  c o e f f i -  

c i e n t  ¢ ( r ) .  An e a r l y  a p p r o a c h  documented  by P e a r c e  (Re f .  3) depends  

upon f i n d i n g  t h e  a r e a s  o f  homogeneous zones  i n  t h e  p l a sma  and r e p l a c i n g  

t h e  i n t e g r a l  by a summat ion  o v e r  t h e  z o n e s .  N e s t o r  and O l s e n  (Re f .  4) 
2 2 

make a t r a n s f o r m a t i o n  o f  v a r i a b l e s  such  t h a t  r ffi v and x ffi u and assume 

t h a t  I ' ( u )  i s  c o n s t a n t  o v e r  e a c h  s m a l l  i n t e r v a l .  The s u b s e q u e n t  s e r i e s  

o f  i n t e g r a l s  may t h e n  be e v a l u a t e d ,  and  Eq. (2) i s  a p p r o x i m a t e d  by a 

sum. Bockasten (Ref. 5) fitted third-degree polynomials exactly to the 

8 
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data points and approximated Eq. (2) with a sum. Numerical methods such 

as those described in Refs. 3 through 5, which do not use smoothing of 

the raw data, have an intrinsic disadvantage in that small errors in the 

radiance can lead to fairly large errors in the emission coefficient 

because of inaccuracies in the derivative of l(x). 

Some investigators have used smoothing techniques utilizing curve 

fitting or other mathematical approximations in an attempt to reduce the 

effect of experimental error in the data. Freeman and Katz (Ref. 6) 

least squares fitted a single curve to the raw data. Barr (Ref. 7) used 

least-squares polynomials to determine the best fit of the data over a 

number of intervals centered about each data point. Birkebak and Cremers 

(Ref. 8) used a method similar to that of Bart. The data were least-squares 

curve fitted to polynomials over a number of data intervals. Dooley and 

McGregor (Ref. 9) directly applied the integral in Eq. (2) by using the 

experimental data and a coordinate transformation of the integrand to 

provide a means of numerically solving the integral. 

Comparisons of various techniques (Ref. 8) indicated that, in general, 

smoothing techniques yield better final results than other methods, parti- 

cularly when there is appreciable scatter in the data. 

A major problem with any method of solving the problem described by 

Eq. (2) is that of determining the effect of experimental error in the 

measured radiance values upon the resultant values of the emission 

coefficient. In an effort to obtain error propagation information, some 

investigators have applied their methods of solution to simple problems 

in which analytic solutions could be determined (Refs. 8 and 10). By 

using scattered and unscattered input data (i.e., radiance values) and 

by comparing the resultant emission coefficient values with their 

analytic values, the investigators were able to obtain empirical infor- 

mation on the error propagation characteristics of the techniques as 

applied to particular test problems. However, at present, no general 
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analytic method has been developed which, after a prior analysis df the 

input data, follows the propagation of experimental error throughout the 

numerical steps of the specific technique. It is the purpose of this 

investigation to describe a method for smoothing the data for inversion 

and to develop a concomitant error propagation analysis. 

1.2 CRITERIA FOR CURVE FIT CHOICES 

Before proceeding to the description of the specific technique, it 

would be useful to consider some of The more subtle consequences of curve 

fitting in order to define a criterion by which the curve fit choices used 

in the work reported herein were made. 

Experimental data are subject to random uncertainties and are 

generated by a physical phenomenon for which one does not necessarily 

know the functional form. Indeed, specification of the functional form, 

or an "adequate" approximation thereof, is generally the objective of 

the analysis. Because of the experimental scatter in the data, one may 

be uncertain of its correct functional form. The usual approach in such 

situations is to curve fit the data to some smooth functional form either 

by analytical or graphical techniques. K~en the analytic approach is used, 

the data are often fit to a specific polynomial in the independent variable. 

However, as is often readily apparent, the first choice of polynomial often 

cannot do an "adequate" job of fitting the data, and other polynomials are 

tried. This failure of fit may be caused by the fact that the data are 

simply not expressible by a polynomial function. Similarly, for the same 

reason, there are often several choices for polynomials which appear to 

"adequately" fit the data. Yet, each polynomial is different and will 

yield somewhat different results. Hence the results of a smoothing process 

cannot be considered unique insofar as the underlying physical phenomena 

are concerned, and there can be a large number of possible solutions. 

(Note that, for a given set of data and a specific polynomial form, the 

numerical solution is unique; it is the resultant, derived description of 

the underlying physical phenomena which is not unique). 

]0 
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The observation that it is generally unreasonable to expect a 

polynomial to provide an adequate representation of some physical phenome- 

non over a wide range of the independent variable prompted the approach 

described herein. The data are divided into several intervals, and a 

different polynomial is assumed valid over each interval. Since physical 

phenomena are generally smooth, the polynomials are constrained to be 

smooth and continuous at interval boundaries. Since the data are expected 

to be randomly scattered, a final least squares constraint is imposed to 

provide smoothing capabilities. 

If the experimental error is propagated through a curve fitting process, 

one can obtain an estimate for the error, or uncertainty in the results. 

Even though the correct functional form may not be that chosen for fitting, 

the errors are'propagated as though the chosen function is the correct 

one. If the chosen function provides an "adequate" representation of the 

raw data, it is expected that the derived results provide an "adequate" 

representation of the true physical phenomenon. Thus the propagated errors 

induced by the data uncertainties are an "adequate" representation of the 

uncertainties in interpretation of the physical phenomenon. For the 

application described herein, when several functions appear to give 

"adequate" curve fits, their results and propagated uncertainties agreed 

well with each other. This observation makes a strong favorable argument 

that the results are in fact descriptive of the underlying physical phe- 

nomenon. However, it must be remembered that the propagated uncertainties 

describe the uncertainties in the data fitting the chosen form and not the 

uncertainties in the chosen function fitting the physical phenomenon. 

Since, for a given set of data, there may be a wide choice of possible 

curve fits, the choice of which curve fit to use is highly subjective and 

generally must be left to the investigator. The criteria for determining 

which result to use are as follows: 

]] 
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I. Choose the set of functions which performs an acceptable 

fit to the data, based on the observed error propagation 

characteristics. 

. From the set of functions chosen by (I), pick the 

function which provides the best error propagation 

characteristics for the problem. 

Although the foregoing discussion may appear obvious to the experienced 

data analyst, the underlying theme has been that there can be no procedure 

or set of conditions which will unequlvocably define the correct curve 

fits in all cases. The error propagation analysis provides only additional 

objective data for what is finally a subjective decision. 

1.3 TECHNICAL APPROACH 

The numerical approach is based on a curve-fitting method which uti- 

lizes a least-squares polynomial spline fit technique (Ref. 11) to 

smooth the data. The Abel inversion is effected by dividing the raw 

data into several small intervals and obtaining a least-squares polyno- 

mial curve fit to the data in each interval. Since the integral is a 

linear operator, the emission coefficient integral, Eq. (2), is expressed 

as the sum of several integrals; each integral applies over a different 

interval of data, and in each case the radiance data are expressed by a 

different polynomial. The emission coefficient is expressed as 

n ,(r)___ 1 ;Z] - I  dIj_l/ dx 1 
. . . . . .  d x - - -  

r (x 2 - r 2 )g i=j f 
Zj dli/dx 

Zj_ 1 (x 2 _ r2) ~ 
dx (3) 

where the subscript i identifies the particular interval for evaluation, 

Zi_ I and Z.z denote the endpoints of the interval, n is the number of 

intervals required to span the data, and in all cases r i~ less than 

z j _  1 • 

12 



AE DC-T R-76-163  

For the values of the emission coefficients to be physically correct, 

the polynomials must be constrained to be smooth and single valued at 

interval boundaries and also must satisfy the assumption of cylindrical 

symmetry. The cylindrical symmetry assumption is easily accounted for 

by using an even function of the form 

4 6 
| i ( x )=  all + a2x"  + ai3x + ai4x (4)  

where the subscript i denotes the i th interval. The functions in adja- 

cent intervals are designed so that their ordinate, slope, and second 

derivatives have the same value at the endpolnts of adjacent intervals. 

Thus, the coefficients of a sixth-degree, even polynomial over each inter- 

val of data are determined such that a best fit in the least-squares 

sense over the entire set of data is obtained with the condition that 

the polynomials and their first derivatives are smooth and their second 

derivates are continuous at the interval boundaries. With l(x) repre- 

sented by a series of polynomials in the form of Eq. (4), the integrals 

become expressible by direct integration in closed form over each inter- 

val of the spline fit. 

Another constraint upon the functional representation of the 

physical data which is imposed by the development of Eq. (2) is that it 

must have zero slope and ordinate at the boundary of the cylinder. This 

constraint is imposed artifically by obtaining a new curve over the last 

interval after the other intervals have been fit with the proper constraints. 

The constraints of continuous first derivative and smooth ordinate are 

maintained at the interval boundary for this artlfical curve. The con- 

struction of the artifical curve reduces the accuracy of the curve fit 

intensity values in the last interval. However, the curve fit values of 

all the other intervals are unaffected, and in general the data in the last 

interval are very near to zero, quite inaccurate, and insignificant with 

respect to the rest of the data. When the results of the inversion in the 

last interval are important, the method described herein must be applied 

cautiously. A computer program to perform the analysis developed herein 

is described in Appendix A. 

13 
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2.0 NUMERICAL ~NVERSlON TECHNIQUE AND 
ERROR ANALYSIS  

2.1 NUMERICAL TECHNIQUE 

As was indicated in Section 1.0, the problem which prompted the present 

investigation was the development of a method to analyze the effect of 

experimental error in observed radiance data upon the emission coeffi- 

cient values obtained by the solution to the Abel inversion problem. A 

measure of the experimental error in the radiance data is provided by the 

standard deviations of the radiance values which are determined from the 

experimental data. 

From statistics theory, it is known that if a matrix vector 

equation, A = MB, can be written where M is a transformation matrix 

relating the vectors A and B, then a relationship between the standard 

deviations of the elements of vectors A and B can be derived. The first 

step in the error analysis is the development of the matrix-vector equa- 

tion, E = FY, where Y is a vector containing the radiance data values, and 

F is a matrix relating the vectors Y and E. 

Since the data are to be divided into intervals, denote the displace- 

ment values which are endpoints for the k th interval by Zk_ I and Z k and 

k = I,..., n. Note that for n intervals there are (n + I) z. values, 
3 

j = 0,..., n. The polynomial in each interval can be written as 

E 2i-2 
Pk ( x ) =  aki x ; k = ] , 2  . . . .  , n  

i=1 (5 )  

Zk_ 1 < x < Z k 

where n is the number of intervals into which the data points have been 

separated. The coefficients aki will in general be different for the 

polynomials representing each interval. 

14 
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Since the raw data in each interval are to be least-squares curve 

fit to polynomials of the form of Eq. (5), an expression for the sum 

of the squares of the deviations of the curve fit values from the actual 

(input) radiance values is needed for each interval. For this purpose, let 

m k [i ]° Sk (ak l"  ak2" ak3" ak4) = E  (xj) - Pk (xl) " 
i= l  

: k = 1 , 2  . . . . .  n 
(6) 

Z k _ l  < x: < Z k 
J 

where n is the number of intervals, m k is the number of data points in the 

k th interval, and the displacements x. are numbered independently in 
3 

each interval. The value of S k in each interval must now be minimized 

subject to the constraints: 

.~k,I (akl, ak2" ak3, ak4) = Pk(Zk)  - Pk+ 1 (Zk) = 0 

,6k.2 ( '%J'  %2" "k3 '  %.~) = P k ( Z k  ) - P'~-- t (Zk)  = 0 

~k,3 (akl ak2" ak3o ak4) Pk ' (Zk)  P'" (Z k) 0 • = - k . - I  = 

(7)  

k = l , 2  . . . . .  ( n - l )  

where P~(x) is the first derivative of the function Pk(X), with respect 

to the coordinate x, and P~(x) is the second derivative. These constraints 

express the conditions required for the ordinate, slope, and second deri- 

vatives of the fitting polynomials for adjacent intervals to be continuous 

at the interval boundary. This continuity constrains the formulation to 

provide a more nearly correct representation of the real physical data. 

Lagrange's method of undetermined multipliers (Refs. 12 and 13) can 

be used to minimize Eq. (6) subject to the constraints expressed by 

Eqs. (7). Let 

15 
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F] ( a l l .  a12. al3 , a14) = S I + 
j=l 

~k(akl  , ak2, ak3, ak4) = Sk + E  

i = l  

( A . k _ l , j q ~ k _ l ,  j + A k j ~ k j )  

(8) 

3 

F (an] , an2 , an3 , an4) = S a + E  
i= l 

An-  l,j 6n--  l , j  

k = 2 , 3 , . . .  , ( n - l )  

where n is the number of intervals and the I 
mj 

multipliers. 

values are the L a g r a n g e  

The parameters, Imj , and the coefficients, akl , which effect the 

necessary minimization are determined from the 4n equations 

0 F  k k = l ,  2 . . . . .  n 
(~A) - -  = o ; 

aaki i = ],  2, 3, 4 
(9) 

and the 3(n-I) equations 

m = l ,  2 . . . .  ( n - I )  
('4) ~6m, j = 0 , ( 1 0 )  

j = 1 , 2 , 3  

The constant multiplier, I/2, is introduced in Eqs. (9) and (10) to put 

the equations in a form which is convenient for subsequent developments. 

16 
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By expanding Eq. (9) for k ffi 1, one obtains 

m ] m I m I m I 

E ° E ~ E ° '~ E , ,  a l l m  I + a12  x~ * a l 3  x i + a ] 4  x i + A l l  = 

== ! i =  I , =  ] i =  ! 

:n ! r .  ] m I 

I:~ E '  E o 
a l l  + a ] 2  x i -~ a13 x i 

, = 1  i = l  i = 1  

m ] 2 

- ' ~ 8  71 
- a l 4  x i + ~ A I ]  -,. Z AI2  2 • 1 

i = l  

ITI I 

+ A13 = ,x i I, 

t = l  

m ] m I m 1 .11 . 4  

E ~ E ~  l ;  ~ I; '°  Zl ~ ~ all x i ~ a12 + a13 + al 4 x, + -~?t]! . Al2 

i = !  i = l  i = l  i = l  

(11) 

m I m ! 

i = !  i l l  

m I 
.2 E. 4 

+ 6 / " I A 1 3  = , x i l l  

i = l  

in ! m I 6 

- a13 xl + a14 xi " A l l  
2 

: ' - - I  i = !  

+ 3Z~AI2 + ] 5 Z  4 A 1 3  

m I 

i = l  

where the x.'sl are the displacement values, Z I is the second endpoint, 

m I is the number of points in the first interval and I ffi l(xi) 
' i " 

The constant multiplier, I/2, in Eq. (9) has the effect of eliminating 

the factor of 2, which is introduced in Eq. (9) by the differentiation. 

Expanding Eq. (9) for k = 2, 3, ..., n yields more equations similar 

in form to Eq. (11). 

17 
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Expanding Eq. (10) for m = "I yields 

2 4 6 .2 4 6 
Z l Z I Z] Z l Z1 ZI 

%=all + --a122 - --a132 + --2 al4 - =~a21 ---a222 ---a232 - --'{ -a24 = 0 

z o Zlal2 + 2Zlal3 + al4 - la22 - a23 - a24 = 

a12 + 6Z 2 41 I a]3 + 15Z al4 a22 6Z 2 - - 1 a 2 3  - ] 5 Z  a 2 4  = 0 

(12) 

Equations of similar form are obtained for m = 2, 3,..., (n-l). 

Equations (4) and (I0), with Eqs. (11) and (12) describing represen- 

tative algebraic details, are the least-squares spline fit equations and 

represent a system of equations which can be written in the matrix- 

vector notation 

BA = C (13) 

where B is a (7n - 3) by (7n - 3) symmetric matrix, A is a (7n - 3) by 

I matrix which has as elements the 4n coefficients, aki , and the 3n - 3 

multipliers, Amj' and C is a (7n - 3) by I matrix, where n is the number 

of intervals into which the data points have been divided. 

The matrix B can be partitioned into 

B = T 
(14) 

where R is a 4n x 4n block diagonal matrix which is defined as 

[i 01 P2 
R = ( 1 5 )  

"PR 

18 
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The matrices P. are 4 by 4 symmetric matrices which are defined (letting, 
3 

for convenience, £.j ffi m I + m 2 + ... + m.j and S.j = m I + m 2 ... + mj_ I +I) 

P 
J 

mj 
~j, ~ j gj 

iriS. i =  Sj i =  Sj j 

~j Ej Ej 
4 

Ex~, E x~ E:~ 
i r i S .  i r i s  i f S .  

J J J 

~j ~j ~j 
4 6 

i=S.  i=S.  i=S.  
l J J 

Ej Ej 

EI~ E ~  x~ o 
i=S.  i=S.  i=S  

] J J 

~.j 

Ex~ 
iriS. 

J 

~j 

~x: ° 
I=S.  

] 

~j 

i = S  
J 

(~6) 

N is a 4n by (3n - 3) block band matrix defined as 

N = 

Q] 

- Q 1  Q2 

- Q 2 "  . 

Qn-- 1 
- Q n - ]  

(17) 

19 



AEDC-TR-76-163 

The matrix N consists of a block diagonal and one block lower co-diagonal. 

N T is the transpose of the matrix N. The matrices Qi are 4 by 3 matrices 

defined as 

Qj = 

,, 0 0 
"2 

9 

Z." 
l Z 1 

2 l 

z 4 
J 

z l 

2 Z .  3 6 Z 2  
J J 

a z .  l 

(18) 

Noting the right side of Eqs. (11) and (12), one can write the matrix 

C as 

C = GY (19) 

where G is a (7n - 3) by p matrix of certain powers of x, the p-indepen- 

dent data points, with the elements of the last 3n - 3 rows all zero, and 

y is a p by I matrix of the p-dependent variable data points l(x) (that is, 

the radiance values). Note that p = m I + m 2 + ... + m n. 

For ease of representation the matrix G may be partitioned into a 

block diagonal matrix 

G = Es, 1 S 2 
0 

0 Sn 

(20) 
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where each S. is a 4 by m. matrix: 
3 3 

m 

l ] 

S J 

2 2 2 
Xmj - -  | - l Xmj - l - 2 Xmj- i + mj 

4 x 4 4 
" ' j - i  + 1 Xmj- I  +2 " " Xmj- 1 ~'mj 

6 6 6 
x m X Xmj- ! t-mj j _ l + l  a~j_] - 2  

(21) 

W r i t i n g  Eq.  (13)  a s  

A = B- ] C (22)  

and  s u b s t i t u t i n g  Eq.  (19)  y i e l d s  

A = B -l G Y (23) 

where B -I is a (7n - 3) by (7n - 3) matrix, which is the inverse of B. 

Equation (23) can be written as 

A = W V (24)  

w h e r e  A i s  t h e  (7n - 3) by 1 m a t r i x ,  w h i c h  h a s  a s  e l e m e n t s  t h e  c o e f f i c i e n t s ,  

a..,gl a n d  t h e  m u l t i p l i e r s , .  ~mj" Y i s  t h e  p by 1 m a t r i x  o f  d a t a  i n t e n s i t y  
- ]  

v a l u e s ,  a n d  W e q u a l s  B G, a (7n  - 3) by  p m a t r i x .  

Performing the integration of Eq. (3) with the polynomials of the 

form of Eq. (4) yields 

- [ 4 6 ~(r) = (x2 r2)~ L 2a2"j-] + --a3'j-I (x2+ 2r2) + --a4 
3 15 , j - I  

, (3x4 + 4x2r2 + 8r4) 1 [Z 
r 

i - 1  - ~ ( x 2 -  r2)!4 [ 2 a 2 i n  

i= j  (25) 

4 x 2 6 2 2 
+ - - 3  a3i ( + 2r2)  + 15-- a4i (3x4 + 4x  r + 8J>l l  zi 

g. i - ]  

21 
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where k is chosen so that r is al~ays less than Z k. Expanding Eq. (25) 

for several values of r, one can write the resulting system of equations 

in the matrix-vector form 

E = M A (26) 

where E is an m by I matrix of values of the emission coefficient c(r) 

evaluated at m different values of r, A is a (7n -3) by I matrix defined 

by Eq. (13), and M is an m by (7n - 3) matrix with the elements of the 

last 3n - 3 columns all zero. 

Substituting into Eq. (26), the expression for the matrix A from 

Eq. (24) yields 

E = M WY ( 2 7 )  

By performing the matrix multiplication 

Eq. (22) can be written as 

F = M ~' (28 )  

E = 17 Y (29) 

where E is the m by I matrix of values of the emission coefficient E(r) 

evaluated at m different values of r, Y is a p by I matrix of the 

p-dependent variable data points l(x), and F is an m by p matrix providing 

the transformation from the Y space to the E space. 

2,2 ERROR A N A L Y S I S  T E C H N I Q U E  

To complete the development of the technique to include the error 

propagation analysis, it is necessary to utilize some definitions and 

results from statistics theory (Refs. 14 and 15). The expected value 

of a random variable x, denoted by g (x), is obtained by finding the 

average value of the function over all possible values of the variable. 

The expected value of a matrix or vector M, denoted by g(M), is the 

matrix of the expected values of the elements of M. The moments of a 

distribution are the expected values of the powers of the variable which 

have the given distribution. 
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Let p C denote the first moment or mean of the emission coefficient 

function E(r) and let B I denote the mean of the radiance function I(x). 

Then 

g~ = ~ ( E )  = ~ ( I , Y )  = ! ' ~ ( ~ )  = ] : ~ l  (30) 

The covariance matrix of E, denoted by [E]cv, is the m by m 

symmetric matrix defined as 

t e l l ,  = ~ [ ( ,~ : - , , , ) (E- , ,~ )  T] (3~) 

where m is the number of different values of r at which the emission 

coefficient E(r) is evaluated. The following steps yield an expression 

which can be used to evaluate the covariance matrix of E: 

r,,:lo,, = ~ [ ( ~ - ~ ) ( E - , , ~ )  T] 

= 

= ~ [ F ( y _ F I ) ( F ( y _ g ] ) ) T ]  (32)  

= _ )T  
[F(Y-~i)(~ ' FI FT] 

= 

[ E l c ~  = F [ Y ] ~  F T 

The term [Y]cv in Eq. (32) denotes the covariance matrix of Y, which is 

an m by m symmetric matrix. 

The diagonal elements of the matrix [Y]cv are identified with the 

squares of the standard deviations of the radiance measurements. The 

nondiagonal elements are the covariances between the various elements of 

the matrix Y. In the present problem, since the individual observations 

are independent, then the elements of Y (that is, the radiance data) 

are assumed to be uncorrelated. Therefore, all of the nondiagonal 

elements of the matrix [YI cv are zero, and thus [Y]c v is simply a diagonal 

matrix containing the variances of the radiance data. 
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The matrix F provides the transformation from the Y space to the 

E space. The form of the matrix is determined by the raw data and the 

choice of numerical technique. The [E] is the covariance matrix of E, 
CV 

and the diagonal elements are the variances of the emission coefficient 

values which have been calculated by the least-squares spline fit approxi- 

mation to the data. The off-diagonal elements of the matrix [El give the 
cv 

covariance between the various emission coefficient values. The standard 

deviations of the emission coefficient values are the positive square 

roots of the diagonal elements of [El . Thus, determination of the 
CV 

matrix F, Eq. (~8), and its use in Eqs. (29) and (32) provides the formal 

solution to the inversion problem and the propagation of the random 

errors associated with the measurements. 

3.0 RESULTS AND DISCUSSION 

3.1 INTRODUCTION 

In the determination of the solution to a specific inversion pro- 

blem, described formally by Eqs. (27) and (30), there are generally four 

parameters which may be varied by the user. These four parameters are 

(I) the total number of data ~oints, (2) the distribution of the data 

points chosen for analysis, (3) the number of intervals into which the 

data are divided, a~d (4) the number of points in each interval. Variation 

of each of these parameters affects the elements of the matrix F, Eq. (28), 

and the subsequent inversion and random error propagation results. Included 

in this section are results of the Abel inversion of several sets of 

analytic data chosen to illustrate the effect of variations of the above 

four parameters on'the results of the inversion. Also included, as an 

illustration of the application of the method to typical experimental 

data, are the results of the inversion of data taken in a recent research 

experiment. 
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3.2 ANALYTIC CONTINUOUS TEST DATA 

Thirty-one data points are used to illustrate the technique. 

data points were generated from the function 

These 

2 
-x (33) 

l ( x )  = e ; O<--x<3.0 

which may be inverted by Eq. (2) to yield the analytic function 

r2 [ ] 
~(r) =N~_ 1 e- erf  (R2- r2 )  ½ (34) 

The number of data points and the displacement distribution were fixed, 

leaving only the number of intervals and the number of points per inter- 

val to be varied. The inversion was applied to several cases with 

different values of the free parameters. A standard deviation of 10 

percent of each radiance value was assumed in each case. The displace- 

ment radiance and standard deviations used are listed in Table I. 

The initial data configuration examined was formed by dividing the 

data into four intervals, with seven points in the first interval and 

eight points in the remaining three intervals. The results of inverting 

the data with this configuration of the test data are presented in 

Table 2 and Figs. 2 and 3. Figure 2 displays the input radiance data 

as points and the results of the curve fit as a continuous line. Error 

intervals equal in magnitude to the radiance standard deviations are 

shown for each data point. Figure 3 displays the profile of the calculated 

emission coefficients along with the calculated error interval for each 

emission coefficient value. 

Another configuration of the same set of test data was inverted 

after distributing the 31 data points into six intervals with five points 

in the first five intervals and six points in the sixth interval. The 

results of this case are presented in Table 3 and Figs. 4 and 5. Figure 

4 shows the radiance and Fig. 5 the emission coefficient profile for 

this configuration of the data. a 
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A comparison of Tables I and 2 reveals that the percentage errors 

between the curve fit data and the input data are generally smaller in 

magnitude for the six-interval configuration than for the four-interval 

configuration. Of the 31 percentage errors, 24 are smaller for the 

six-interval configuration. This suggests that the curve fit of the 

radiance data was better for the case of six intervals. Furthermore, of 

the 31 standard deviation intervals 

22 are smaller for the six-interval 

clearly by comparing the calculated 

coefficient values for the two 

of Tables 2 and 3. 

Table 1. 

displayed in each o f  Figs. 3 and 5, 

case. This fact is illustrated more 

standard deviations of the emission 

cases which are listed in the last columns 

Checkout Data with • "x2 Values 
Used as Input Data 

D , s p l a c e m e n t  ltad,e.nce (Dat.s) Standard Devzat ,ml 

0 . 0  1 .0 0 0 0  E-OO 1 .0000  E - O l  

0. 1 9.90'05 E-O.t 9 . 9 0 0 5  E-O2 

0 . 2  9 . 6 0 7 3  E -O l  9.60'79 E-O2 

0. 3 9. 1393 E - 0 1  9 .1393  E-O2 

0 . 4  8 . 5 2 1 4  ~'-01 8 . 5 2 1 4  E - 0 2  

0.5  7.7880 E - 0 I  ?.7880 E - 0 2  

0 . 6  G.9768 E - 0 1  6 , 9 7 6 8  E-O2 

0.7  9.1363 E -0 :  6.1283 E-02 

0 .8  5.373S E - 0 .  5.2720 E-02 

0 . 9  4 . 4 8 6 0  E - 0 1  4 . 4 9 6 0  E - 0 2  

1 .0  3 . 6 7 8 8  E - 0 ]  3.6"/88 E - 0 2  

1. t 2 . 9 8 3 0  E - 0 ]  2 . 9 8 2 0  E - 0 2  

1.2 2.3693 E - 0 I  2.3693 E-02 

1.3  1 .8452  E - 0 I  1 .8452  E - 0 2  

1 .4  1 .4086  w - 0 !  1 .4086  E -02  

1 .5  1 .0540  E - 0 I  1 .0540  E -02  

1 .6  7. 7305 E -0 2  7. 7305 E -03  

1 .7  5 . 5 5 7 6  E -0 2  5 . 5 5 7 8  E-O3 

1.8  3 . 9 1 6 4  E-O2 3 . 9 1 6 4  E - 0 3  

1.9 9. 7052 E-O2 2. 7092 E-03 

2.0 1.8316 E-O2 1.8316 E-O3 

3. 1 1 .3155  E-O2 1.2155 ELO3 

2 .2  7 .9971  E-O]  7 .9971  E-O4 

2 .3  3 . 0 4 1 8  E-O3 5 . 0 4 1 8  E-O4 

3 .4  3 .1 8 1 1  I-'-03 3 . 1 8 1 ]  E-O4 

2 . 5  1 .0 3 0 5  I-'-O3 1 .9308  E-O4 

2 . 6  1. 1592 E-O3 1. 1592 E - 0 4  

2.  ? 6. 8233 E-O~ 6. 8233 E-O5 

2 . 8  3 .93G7 E - 0 4  3 . 9 3 5 7  K=05 

2.9  2.2363 E-0~r 2.22~3 E=05 

3.0  1.3341 E-04 1.9341 E-05 
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Table 2. Inversion Results Using Four Intervals of 
e -x2 Values as Input Data 

A E D C - T R - 7 6 - 1 6 3  

D m p l a c e m e n t  R a d l a n e e  
(Ca lcu la ted)  

P e r c e n t  E r r o r  
be tw e en  R a d i a n c e  

Da ta  and 
C a l c u l a t e d  R a d i a n c e  

E m ] s s t o n  Coef f i c i en t  S t a n d a r d  Dev la t i on  
( E m z s s i o n  Coefftc~ent)  

0 , 0  

1 . 0 0 0 0 0 0  E - 0 1  

2 . 0 0 0 0 0 0  E - 0 1  

3. 000000 E - 0 1  

4 . 0 0 0 0 0 0  E - 0 1  

5. 000000 E - 0 1  

6 . 0 0 0 0 0 0  E - 0 1  

7. O0O000 E - 0 1  

8. 000000  E - 0 1  

9. 000000  E - 0 1  

I .  000000 E - 0 1  

1. 100000 E - 0 0  

1. 200000 E - 0 0  

1, 300000 E - 0 0  

1. 400000 E - 0 0  

1. 500000 E-00 

I .  600000 E - 0 0  

1. 700000 E-00 

1. 800000 E - 0 0  

1. 900000 E - 0 0  

2, 000000 E - 0 0  

2. 100000 E-0O 

2.  200000 E - 0 0  

2. 300000 E - 0 0  

2.  400000 E - 0 0  

2.  500000 E - 0 0  

2. 600000 E - 0 0  

2. 700000 E - 0 0  

2, 800000 E - 0 0  

2. 900000 E - 0 0  

3. 000000 E - 0 0  

1 .000667  E - 0 0  

9 . 9 0 4 4 6 4  E - 0 1  

9 . 6 0 4 6 9 9  E - 0 1  

9 . 1 2 8 9 3 8  E - 0 1  

8.509355 E - 0 1  

7.783793 E-01 

6 . 9 8 8 5 6 7  E - 0 1  

6 . 1 4 9 9 4 3  E - 0 1  

5 . 2 9 3 7 6 4  E - 0 1  

4 . 4 6 5 6 6 6  E - 0 1  

3 . 6 6 8 7 0 8  E - 0 0  

2 . 9 6 0 9 4 9  E - 0 0  

2 . 3 5 1 2 7 3  E - 0 0  

1 .846380  E - 0 0  

1 .438843  E - 0 1  

1 .094268  E - 0 1  

8 . 0 0 0 5 9 1 E - 0 2  

8 . 5 7 9 7 0 9  E - 0 2  

3 . 7 0 3 2 3 3  E - 0 2  

2 . 3 6 2 4 0 9  E - 0 2  

1 . 5 1 0 6 3 0  E - 0 2  

1.057220 E-02 

8.606659 E-03 

7.346027 E-03 

5.996310 E-03 

4.813937 E - 0 3  

3 . 2 6 4 9 2 1 E - 0 3  

2 . 0 3 6 0 2 7  E - 0 3  

9 . 9 1 2 2 5 0  E - 0 4  

2 . 7 2 2 1 5 2  E - 0 4  

0.00 

6.873565 E-02 5.675450 E-01 1.277898 E-01 

4.003959 E-02 6.613635 E-01 1.183743 E-01 

-3.331861 E-02 5,432904 E-01 9.255000 E-02 

- 1 . 1 3 3 7 7 0  E - 0 1  5 . 1 4 8 4 1 7  E - 0 1  5 . 7 8 1 5 6 9  E - 0 2  

- 1 . 4 1 3 4 8 4  E - 0 1  4 . 7 8 3 1 6 9  E - 0 1  3 . 0 0 0 3 0 6  E - 0 2  

- 5 . 4 0 1 7 8 4  E-02 4.365562 E-01 3.155638 E-O2 

1 .686561  E - 0 1  3 . 9 2 3 8 4 7  E - O l  3 .612286  E - 0 2  

3.859220 E - 0 I  3 . 4 7 0 9 6 1 E - 0 I  2.810619 E-02 

3 . 9 5 6 9 0 2  E - 0 1  3 . 0 0 1 4 9 3  E - 0 1  1 ,929250  E - 0 2  

- 6 . 7 8 4 1 3 9  E - 0 1  2 . 5 3 1 8 3 4  E - 0 1  1 .210634  E - 0 2  

- 2 . 7 4 3 2 4 1  E - 0 1  2 . 0 8 1 1 6 1  E - 0 1  8 . 4 8 8 1 0 9  E - 0 3  

-7.059348 E-01 1.668016 E-01 9,052147 E-03 

-7.608546 E-01 1.308842 E-01 1,032227 E-03 

6.396129 E-O2 1.015773 E-01 9.970046 E-03 

2.005025 E-00 7.925598 E-02 7.552663 E-03 

3.820451 E-00 6.210448 E-03 4.133476 E-03 

3 . 4 9 3 8 3 8  E - 0 0  4 . 6 8 4 8 5 0  E - 0 2  2 . 0 5 4 6 4 9  E - 0 3  

3 . 9 7 8 1 2 9  E - 0 1  3 . 3 5 2 4 7 4  E - 0 2  2 . 6 9 8 3 5 7  D-03  

- 5 . 4 4 2 9 2 5  E - 0 0  2 , 2 4 4 4 6 8  E - 0 2  3 . 8 1 3 3 2 1  E - 0 3  

-1.267157 E - 0 1  1 .384393  E - 0 2  4 . 2 3 4 1 8 2  E - 0 3  

- 1 . 752401E-01  7.840132 E-03 3 ,858621E-03  

-1.057220 E-01 4.382294 E-03 2,596808 E-03 

8.872517 E-00 3.113924 E-03 8.552391 E-04 

4 . 5 7 0 2 4 8  E - 0 1  2 . 8 7 9 1 3 7  E - 0 3  9 . 7 7 6 7 7 5  E - 0 4  

9.026087 E-01 2,671927 E-03 1.831465 E-03 

1.390022 E-02 2,192267 E-O3 1.821228 E-03 

1 . 8 1 6 5 3 0  E - 0 2  1 . 7 5 0 2 3 1 E - 0 3  1 .024300  E - 0 3  

1.969277 E-02 1.263463 E-03 3.872080 E-04 

1.517908 E-02 7.616202 E-04 2.026932 E-03 

2.227249 E-01 2.972067 E-04 3.192960 E-03 

-1.000000 E-02 0.0  0 .0  

N u m b e r  c~ 

N u m b e r  c~ 

N u m b e r  oi" 

points: 31 

in terva ls :  4 

points per in terva/ :  7 8 9 8 
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1.80 Number of Points: 31 
1.60 Number of Intervals: 4 

Number of Points per Interval: 7 8 8 8 
1.40 ;~ Data and Uncertainty 

"~ 1.20 

1.00 

~ 0.80 

g o.6o 

~ 0.40 

0.20 

0 ~ - - -- " ~ "  ~ 

0 0.60 1.20 1.80 2.40 3.00 

Displacement, arbitrary units 
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Figure 2. Intensity for four-interval 
e "x2 test data. 

Number of Points: 31 
Number of Intervals: 4 

, , ~  Number of Points Interval: 7 8 8 8 per 
]" Propagated Uncertainty 

i 

_ I | ~ = _ _ = L _ -  . t  _ z 

0.60 1.20 1.80 2.40 3.00 
Radius, arbitrary units 

Figure 3. Emission coefficient profile for four-interval 
e -x2 test data. 
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Table 3. Inversion Result with Six-Interval 
~x 2 Values Used as Input Data 

D1sp]acement 

m • 
Percent E r r o r  

Radiance ~etween Radlance Standard Devmtton 
(Calculated) Data and Emlss -on  Coeff]c.ent (Emzss:oo Coeff,c]ent) 

Calculated Radiance 

0 .0  

I. 000000 

2.0O00O0 

3. 000000 

4.0OO000 

5. 000000 

6. 000000 

7.000OOO 

8. O00OO0 

9.0O0O0O 

I .  000000 

1. 100000 

1. 200000 

I .  300000 

I.  400000 

1. 500000 

1. 600000 

1. 700000 

1. 5000OO 

1. 500000 

2. OOO00O 

2. 100000 

2. 200000 

2. 300000 

2. 400000 

2. 500000 

2. 600000 

2. 700000 

2. 800000 

2. 900000 

3. OOO000 

1.000057 E-0O 5.727384 E-03 5 . 6 4 4 8 2 1 E - 0 1  

E-01 9.900608 E-01 1.095800 E-03 6.587444 E-Ol 

E-01 9 . 6 0 7 0 4 1 E - 0 1  -8.935634 E-03 6 . 4 1 9 3 1 1 E - 0 1  

E-01 9.138023 E-01 -1.397761E-02 5.151949 E-01 

E-01 8.521046 E-01' -4.125894 E-03 4.802804 E-01 

E-01 7.788967 E-01 1.241464 E-O2 4.390734 E-Ol 

E-01 6.978503 E-01 2.441074 E-O2 3.932836 E-01 

E-Ol 6 . 1 2 9 5 0 1 E - 0 1  5.388051E-02 3.452108 E-01 

E-01 ~.280066 E-01 1.359116 E-01 2.972415 E - 0 :  

E-Ol 4.460712 E-Ol - 5 . 6 3 6 3 9 1 E - 0 1  2.514763 E-01 

E-00 3.690464 E-01 3.170583 E-01 2.088244 E-01 

E-00 2.985861E-OI 1.294751E-01 1.690972 E-01 

E-00 2 . 3 8 6 4 4 1 E - O I  -1.20e;~05 E-01 1 . 3 3 5 9 0 1 E - 0 1  

E-00 1.842825 E-01 -1.287393 E-01 1 . 0 3 5 0 3 1 E - 0 I  

E-00 1.413117 E - 0 /  3.206904 E-01 7.938546 E-02 

E-00 1 . 0 6 0 4 7 1 E - 0 1  6.139940 E-01 6.027553 E-02 

E-00 7.724082 E-02 -8.302233 E-02 4.413603 E-O2 

E-00 5,489177 E-02 - ] .231169  E-00 3.111812 E-O2 

E-O0 3.854G38 E-02 -1.577006 E-0O 2.141045 E-0k 

E-O0 2.711363 E-O2 2.2780~1E-01 1.486085 E-O2 

E-00 1.881522 E-02 2.723~34 E-00 1.060456 E-02 

E-00 1.246579 E-02 2.556860 E-O0 7.207111E-03 

E-00 7.899407 E-03 -9.729131 ~-02 4.504004 E-O3 

E-00 4.888028 E-03 -3.089606 E-00 2.794489 E-03 

E-00 3.061859 E-03 -2.832055 E-00 1.712425 E-03 

E-00 1.917642 E-03 -6.660687 E-01 1.137634 E-03 

E-00 1 . 0 8 4 7 4 1 E - 0 3  -6.423344 E-0~ 7.086608 E-04 

E-0O 5.1854~5 E-04 -2.400342 E-01 3.841813 E-04 

E-00 1.043718 E-04 -5.315590 E-0; 1.633415 E-O4 

E-O0 3.~!3120 E-05 -8.510728 E-Ol 3.99~210 E-O5 

E-00 0.0 -1.000000 E-62 0.0 

! .867621E-01 

1.589008 E-01 

8 . 7 4 8 8 7 1 E - 0 2  

4.706686 E-02 

6.393484 E-02 

4.259269 E-02 

2.312669 E-02 

2.111331E-02 

2.471709 E-02 

2.046078 E-02 

1.096935 E-O2 

7.862454 E-O3 

0.789215 E-03 

9.862244 E-03 

6.747721E-03 

2.732949 E-O3 

2.944426 E-03 

2.669870 E-03 

3.670396 E-03 

1.931244 E-O3 

~.662146 E-O4 

1.797132 E-O3 

8.400760 E-04 

9.?20830 E-04 

4.271174 E-04 

7.384108 E-04 

1.008421E-03 

3.702780 E-04 

3. b29174 E-04 

1.336839 E-03 

0. O 

N a m b e r  of 

Number  of 

Number  of 

points. 31 

in te rva ls :  6 

points pcr  in terval :  5 5 5 6 3 6 
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Figure 4. Intensity for six-interval e "x2 test data. 
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Figure 5. Emission coefficient profile for six-interval 
e "x2 test data. 
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The results of this comparison point to the conclusion that the 

emission coefficient values obtained using the six-lnterval configuration 

are more accurate for the particular set of data tested than are the 

values obtained using the four-lnterval configuration. A comparison of 

the emission coefficient values obtained for the two cases with the 

analytically determined values obtained byevaluating Eq. (I) at the 

proper displacement values shows that this conclusion is indeed correct. 

Table 4 lists the analytical values of the emission coefficients for this 

particular problem and the percent error between the analytic emission 

coefficient values and the calculated values for the two cases. Of 

the 31 percentage errors listed for each configuration, 26 are smaller 

in magnitude for the six-lnterval case. 

Table 5 and Figures 6 and 7 show the results of inverting the data 

with a configuration of six intervals with an uneven dispersion of the 

data points among the intervals--two points in the first, third, and 

fourth intervals, eight points in the second and fifth intervals, and 

nine points in the sixth interval. A comparison of these results with the 

results of the slx-lnterval configuration with an even dispersion of the 

data (Table 3, Figs. 4 and 5) suggests that the configuration of data 

with the data points dispersed uniformly among the intervals yields more 

accurate emission coefficient values for these analytical data. This 

conclusion is supported by the data listed in Table 6, which shows the 

percentage error between the analytic emission coefficient values and the 

calculated values for the two cases. Examination of the standard deviations 

of the emission coefficients for the slx-lnterval configuration with 

an even and uneven distribution of the data points among the intervals 

reveals that the even distribution provides noticeably smaller standard 

deviations near the centerline. Standard deviations are also generally 

smaller for larger displacement values for the even distribution, although 

the differences are not as great. 
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Table 4. Percentage Error Between Analytic Emission 
Coefficient Values and Calculated Values 

Disp lacemen t  Anal>~ic E miss ion  P e r c e n t  E r r o r  P e r c e n t  E r r o r  
Coeff icient  (Four  In te rva ls )  (Six In te rva l s )  

0.0 5.634561E-01 7.256821E-01 1.820905 E-01 

0. I 5.578497 E-01 6.280903 E-01 1.603831E-01 

0.2 5.413085 E-01 3.661313 E-01 1.150176 E-01 

0.3 5.149066 E-01 -1.299259 E-02 5.560210 E-02 

0.4 4,800495 E-01 -3.609211E-01 4.809920 E-02 

0.5 4.387322 E-01 -4.959745 E-01 7.776954 E-02 

0.6 3.929919 E-01 -1.545070 E-01 7.425089 E-02 

0.7 3.450153 E-01 -6.031037 E-01 5.666415 E-02 

0.8 2.969277 E-01 1.084978 E-00 1.056823 E-01 

0.9 2.504572 E-01 1.088489 E-00 4.068959 E-01 

1.0 2.070764 E-01 5.020852 E-01 8.441329 E-01 

1.1 1.678024 E-01 -5.964158 E-01 7.716219 E-01 

1.2 1.332712 E-01 -1.791085 E-00 2.460397 E-01 

1.3 1.037396 E-01 -2.084354 E-00 -2.279747 E-01 

1.4 7.915297 E-02 1.301404 E-01 2.937477 E-01 

1.5 5.918666 E-02 4.931834 E-00 1.841443 E-00 

1.6 4.337465 E-02 8.008941E-00 1.755357 E-00 

1.7 3.114230 E-02 7.650174 E-00 -7.764359 E-02 

1.8 2.191468 E-02 2.418470 E-00 -2.300878 E-00 

1.9 1.510670 E-02 -8.365585 E-00 -1.494702 E-00 

2.0 1.020432 E-02 -2.316850 E-01 3.922260 E-00 

2.1 6.746728 E-03 -3.504564 E-01 6.823827 E-00 

2.2 4.368733 E-03 -2.872249 E-Ol 5.385360 E-00 

2.3 2.768276 E-03 4.004695 E-00 9.468709 E-01 

2.4 1.714000 E-03 5.005408 E-01 -9.200700 E-02 

2.5 1.103632 E-03 9.864114 E-01 3.080837 E-00 

248 6.103361E-04 1.887651E-02 1.610981E-01 

2.7  3.483524 E-04 2.626968 E-02 1.028519 E-01 

2.8 1.909872 E-04 2.987808 E-02 -1.447511E-01 

2.9 9.789680 E-05 2.035918 E-02 -5.917934 E-01 

3.0 3.481320 E-05 -1.000000 E-02 -1.000000 E-02 
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Displacement  

Table 5. Inversion Results with Unevenly Dispersed 
• "x2 Values Used as Input Data 

Percent Error 

Radxance between Radiance Emlsslou Coeffxclent 
(Calculated) Data and 

Calculated Radiance 

Standard Devlat  lon 
(Emlss lon  Coefficient) 

0,00 

1,000000 

2,000000 

3,000000 

4.000000 

5.000000 

6.000000 

7.000000 

8.000000 

9,000000 

1.0OO0OO 

l ,  lOOOOO 

1.200000 

1.300000 

1.400000 

1,500000 

1,600000 

1.700000 

1.800000 

1.900000 

2.000000 

2.100000 

2.200000 

2.300000 

2.400000 

2,500000 

2,600000 

2.700000 

2,800000 

2,900000 

3,000000 

9,999282 E-Ol -7,174047 E-O3 5,609455 E-0] 

E-Ol 9.904682 E-Ol 4,224036 E-02 5,588918 E-0!  

E-01 9,610668 E-Ol 2,881206 E-02 5,431304 E-01 

E-01 9,138335 E-01 -1.055980 E-02 5,161061E-01 

E-01 8,516753 E-Ol -5,453786 E-O2 4,804729 E-01 

E-Ol 7,781568 E-0 :  -8,258385 E-O2 4.382930 E-Ol 

E-Ol 6.972846 E-Ol -5,666698 E-O2 3,920035 E-01 

E-01 6.130743 E-Ol 7.251822 E-02 3.442192 E - 0 i  

E-01 5.290217 E-01 3.284228 E-01 2.974210 E-01 

E-01 4.474787 E-O1 - 2 . 4 9 9 4 9 1 E - 0 1  2.533768 E-01 

E-00 3.690851E-Ol 3,275864 E-Ol 2,112019 E-Ol 

E-00 2.960012 E-Ol -7.373671 E-Ol 1,683103 E-0] 

E-00 2.339679 E-01 -1,250211 E-00 1,294129 E-01 

E-00 1.850101 E-01 2,656128 E-01 1,011093 E-0] 

E-OO 1.443999 E-01 2.513067 E-OO 8.076948 E-O2 

E-0O 1.088006 E-Ol 3.226334 E-OO q, 254847 E-02 

E-0O 7.871845 E-O2 1.828408 E-OO 4.633172 E-O2 

E-00 5.457954 E-02 -1,792976 E-0O 3.252025 E-02 

E-OO 3.646029 E-02 -6,903555 E-00 2.143476 E-02 

E-OO 2.401706 E-02 -1,121892 E-01 1,327453 E-O2 

E-OO 1,641107 E-02 -1,040037 E-0] 8,051507 E-O3 

E-O0 1.222921E-02 6,105477 E-01 5,459507 E-O3 

E-0O 9.487126 E-O3 1.998237 E-Ol 4.376879 E-O3 

E-00 7,102601E-O3 4.087430 E-Ol 3.451966 E-03 

E-O0 5.054098 8-03 6.070590 E-01 2. C17529 E-03 

E-O0 3,383133 E-03 7,524648 E-Ol 1,883982 E-O3 

E-O0 2.061617 E-03 7.784823 E-Ol 1.260428 E-O3 

E-OO 1.090593 E-03 5.983366 E-Ol 7.543510 E-O4 

E-00 4.489278 E-O4 1.403659 E-Ol 3.714054 K-O4 

E-00 1.019430 E-O4 -5.42066~ E-Ol 1.149017 ?:-04 

E-00 O.O -1.000000 E-O2 O.O 

8. 117026 E-91 

1, 61"006 E-Ol 

9,981750 E-O2 

7.471066 E-02 

4, 784840 E-02 

3, 147328 E-O2 

3.479315 E-02 

3. 938439 F-O2 

3.213198 [ - 02  

2,010979 E-02 

2.918001 E-02 

2. 209935 E-02 

8, 216915 E-O3 

1, 103693 I.:'-02 

7. 790830 E-03 

4.444626 E-O3 

2. 182256 E-O3 

1,997622 E-03 

2, 740380 F.-03 

2. 979927 E-03 

2. 499504 E-93 

1, 413835 E-03 

3,050172 E-04 

7. 716312 E-04 

1, 100082 E-03 

9. 757774 E-04 

4. 451294 E-04 

4.054118 F-04 

1.337966 E-03 

1.95£.461 E-03 

o.o 

Number  

Number 

Number 

ot points: 31 

of mtervaJ.s: 5 

of points per mterv~/: 2 8 2 2 8 9 
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Figure 6. Intensity for unevenly dispersed e -x2 
test data. 

e ' -  

t l l  
I , , .  

L _  
t 'U  

( I )  . m  
.u_. 
== 
O 

c.) 
r-- 
.o 
t / I  
t / I  

. m  

E 
I.LJ 

l- f 1.60 

1.40 - -  

1.20 

1.(X) 

O. 8O 

0.60 

0.40 

0.20 

0 
0 

Number of Points: 31 
Number of Intervals: 6 
Number of Points per Interval: 2 82 2 89 
T Propagated LJ ncertai nty 

O. 60 1.20 1.80 
Radius, arbitrary units 

Figure 7. 

1 I J . _ _ _ / _ _ _ . l . _ _ _ J .  

2.40 3.00 

Emission coefficient profile for unevenly 
dispersed e "x2 test data. 

34 



AEDC-TR-76-163 

Table 6. Percentage Error Between Analytic Emission 
Coefficient Values and Calculated Values, 
Even and Uneven Data 

D i s p l a c e m e n t  
Percent E r r o r  

(Even Di spe r s ion )  
Percent E r r o r  

(Uneven Dispe r s ion )  

0 .0  1.820905 E - 0 1  -4 .455715 E-01  

0 .1  1.603837 E-01  1.858055 E-01  

0 .2  1.150176 E-01  3.365733 E-01  

0,3 5.560210 E-02 2.325655 E-01 

0.4 4.809920 E-02 8.819924 E-02 

0.5 7.776954 E-02 -1.001066 E-01 

0.6 7.425089 E-02 -2.515065 E-01 

0 .7  5.666415 E-02  -2 .307434 E-01  

0 .8  1.056823 E - 0 1  -1 .661347 E-01  

0 .9  4 .068959 E-01  1.165708 E-00  

1.0 8.441329 E-01  -1 .992260 E-00  

1.1 7.716219 E-01  3.026774 E-01  

1.2 2.460397 E-01 -2.895074 E-00 

1.3 -2.279747 E-01 -2.535483 E-00 

1.4 2.937477 E-01  2 . 0 4 2 2 6 1 E - 0 0  

1.5 1.841443 E-00  5.681799 E-00  

1.6 1.755857 E-00  6.817507 E-00  

1.7 -7 .764359 E-02  4.424689 E-00  

1.8 -2 .300878 E-00  -2 .189948 E-00  

1.9 -1 .494702 E-00  -1 .212814 E-01  

2 .0  3.922260 E-00  -2 .109521 E-01  

2 .1  8.823827 E-00  -1 .907919 E-01  

2.2 5.385360 E-00 1.864614 E-01 

2.3 9.468709 E-01 2.469732 E-01 

2.4 -9.200700 E-02 5.271464 E-01 

2.5 3.080837 E-00 7.070746 E-01 

2.6 1.610981E-01 1.065138 E-02 

2.7 1.028519 E-01 1.165482 E-02 

2.8 -1.447511E-01 9.446612 E-01 

2.9 -5.917934 E-01 1.839171E-01 

3.0 -1.000000 E-02 -1.00O000 E-02 

35 



A E D C - T R - 7 6 - 1 6 3  

As a further examination of the technique, the 31 ordinates generated 

from the function of Eq. (33) were randomly scattered by a fractional 

amount bounded by ±10 percent of the radiance values. The scattered data, 

listed in Table 7, were tested for all the same parameter configurations 

used for the unscattered data. Table 8 lists the results of inverting the 

scattered data in the six-interval configuration, and Figs. 8 and 9 display 

the results graphically. A comparison of this data with that shown in 

Table 7. Checkout Data with Scattemd e -x2 
Values Used m Input Data 

Displacement Intensity (Data} Standard Deviation 

0 . 0  9 .90000  E-01  9 .80000  E-02  

0.1 6,30650 E-01 9.30650 E-02 

0.2 1.01844 E-00 1.01844 E-01 

0.3 9.23070 E-01 9.23070 E-02 

0,4 8.60660 E-01 8.60660 E-02 

0.5 7.24284 E-01 7.24284 E-02 

6.8 6.07680 E-01 6.97680 E*02 

0.7 5,88120 E-01 5.88120 E-02 

0.8 5.43110 E-01 5,43110 E-02 

0.8 4.08230 E-01 4.08230 E-02 

1.0 3.45810 E-01 3.45810 E-02 

1.1 2. 68200 E-Ol 2.68300 E-02 

1.2 2.55880 E-Ol 2.55880 E-02 

1.3 1. 85590 E-01 1.85580 E-02 

1.4 1.31000 E-01 1.31000 E*02 

1.5 I. 10670 E-01 1.10870 E-02 

1.6 7.49850 E-02 7.49860 E-05 

1.7 5.89110 E-02 6,89110 E-05 

1.8 3.56390 E-02 3.58380 E-03 

1.9 2. 62400 E-02  2. 62400 E-03  

2 .0  1 .74000 E-02  1 .74000 E-03  

2.1 1.13040 E-02 1.13040 E-03 

2 .2  8 .06520  E-03  8 .06520  E-04  

2 .3  4 .89050  E-03  4 .88050  E-04  

2.4 2.86750 E-03 2.88750 E-04 

2 .5  1 .81470 E-03  1. 81470 E-04  

2.5 1.10120 E-03 1,10120 E-04 

2 . 7  7 .30090  E - 0 4  7 .30090  E-05  

2 . 8  3 .93670  E - 0 4  3 .93670  E-05  

2 . 9  2 .20400  E - 0 4  2 .20400  E-06  

3.0 1.25880 E-04 1.25880 E-06 
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Table 8. Inversion Results with Randomly Scattered 
e -x2 Values Used as Input 

Percent ~ r r o r  
Radzance between R~d|ance ]-:mzssJon Coerrzczent Standard Devzatzun 

Dzsl'lacement (Cldc,,Idted| Data arzl (Ernzsszon Coerfscient) 
C,,t cu!a:ed Rsdzznce 

C.() 9.788892 E-01 o 1 , : | 4 2 2 4  E-O0 4.84122# E-01 2.2f i5459 E-C) 

1.000000 k -01 9. 761542 E-OI  4, 889500 L - 0 0  4. 952502 E-OI  1.904222 ~ -01  

2.000000 K - 0 ]  9.627751 £ -01  -S. 465700 K-O0 5.203?90 F~-OI 1.042047 [ - 0 |  

J.O00000 K - 0 )  9.271017 E - 0 )  4 . 4 6 5 2 2 1 E - 0 )  5.3?1826 E-0J 5,780840 E-02 

4.000000 E - 0 ]  8. 605448 E-0J  -1 .338141 E-02  5. 191]TI h -Ol  7. 889482 E-02  

5. C~0000 K - 0 )  7. ?15975 E - 0 I  5.531891 E-90 4 .59 .~35  E-C1 5.24~1~0 ~ -02  

G. OO0000 E - 0 )  G. 78:933 E-OI  -2 .  ?930?8 L-0Q 3. 938877 E-0 1 2. 803218 ~ -02  

7. 000000 E-01 ~. 8?5534 £ -01  - 9 . 6 3 3 ? ) ?  E-02 J .31~0 Iq  E-01 2.52?550 E-02 

8.000000 E - 0 I  5.044624 E - 0 I  -7 .115067 E-00  2.754065 E - 0 I  2.97.tq23 E-02  

9.000000 E-01  4. J0~800 E - 0 !  5.489998 E - 0 0  2.327.488 Z - 0 )  2 .474720 E-02  

1.080000 E-30 3.828805 E - 0 :  4.9~845-1 ~-nC J.STSG65 E-O.  ) .31~20q k - 0 2  

1.100000 K-OO 2.080449 K -O l  2.833262 E-U)  1.b48965 ~ -01  8.278326 ~ -03  

1.200000 L-00  2.406352 E - 0 [  -5 .957774 E-00  ] . 3 4 1 2 1 5 . E - 0 1  1.185493 ~.-02 

1.300000 E-00 I.R89fifiG ~ - 0 |  -3 .386384 E-O0 1,064485 E-OI  1.183559 E-02 

1.400000 E-O0 ) .445758 E-OI  ) .043806 E-OI  8 .252220 E-02 8.150877 U-03 

: .500C09 E-Q0 ] ,~75517 E-01 -2.000820 £ - 0 0  8.227386 E-02  3.398~19 E-03  

. .  ~30000 L-0O 7.739311 E-02 3 .2 :00?8  E-00 4.511455 E-02 3,554770 E- f lJ  

1. 700000 E-00 5.420398 E-02  -? .  090078 E-00 3, 134969 E-02 4.824714 E-03 

1.000000 K-00 3.?40272 E-08 0.173332 E-O0 2 . )17924  E-02  4.383155 E-03 

1.900000 ~-O0 2.502468 E-02 -8 .205769 E - O l  1.445394 E-02 2.3111,07 E-03 

2.000000 ~ -90  J.?87807 ~ -08  8.747514 E-O0 1.011;137 E-02 7.933970 E-94 

2. :C0~08 F -30  1.17379J E-02 3.838513 E-00 6 .7994)9  ~ -03  2.135224 E-33 

2.200000 I - 0 0  ?.41072b L - 0 3  -8 .114787 E -00  4.250880 E-03 2.526889 E-03 

2.400000 P-00  4.035326 E-03  -5 .217757 E-00  2.504192 E-03  1.880208 ~-03  

8,400000 I -00 1.007434 E-03 4.8?900? E-00 ) .600111 E-03 5.0882?9 E-04 

2.500000 E-00 1.974182 E-03 9,843470 ~ -00  1 .1 ;3705 E-03 8.781242 E-04 

2, h00039 E-OO I .  18T08~ E-03 T. 739858 E-00 ?.34T3h8 E-04 1.2fl1354 E-C3 

2.700C00 I : -80  ~.170488 E-04 -1 .548348 E - 0 I  4.310422 ~ -04  7.290h20 ~ - 0 4  

2.800000 13-00 8.482553 E-04 -3 .693822 E-01 2.0?5203 E-04 4 .3 )8742  E-04 

2.000000 E-00 5.465860 E-0S -1 .520300 E-OI  b. 2584fi? E -05  1.fi14008 E-03 " 

Lt)OOflOO ~-O0 0 .0  -1 .000000 ~ -02  0 . 0  0 .0  

% . l l .b t . r  b" p . . n t s '  3" 

['~,.,mn:h~r ~ iNtur~'-~18 fi 

~;umb,.r ,)f iz~mts per  blzervaJ. 5 9 5 5 S 6 

Table 3 and in Figs. 4 and 5 for the case of the unscattered data in the 

same six-interval configuration indicates that, as would be expected, 

the results of the radiance curve fit and the emission coefficient calcu- 

lations were more accurate for the case of the unscattered data. This 

conclusion is supported further by the data listed in Table 9, which 

shows the percentage error between the analytic emission coefficient 

values and the calculated values for the two cases. Of the 31 values 

listed for each case, 27 are smaller in magnitude for the case of the 

unscattered data. 
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Table 9. Percentage "Error Between Analytic Emission 
Coefficient Values and Calculated Values, 
Scattered and Unscattered Data 

D i s p l a c e m e n t  P e r c e n t  E r r o r  P e r c e n t  E r r o r  
S c a t t e r e d  Data  U n s c a t t e r e d  Data  

0.0 -1.407971E-01 1.820905 E-01 

0.1 -1.122049 E-01 1.603837 E-01 

0.2 -3.866298 E-00 1.150176 E-01 

0.3 -4.325816 E-00 5.560210 E-02 

0.4 -7.971595 E-00 4.809920 E-02 

0.5 4.658263 E-00 7.776954 E-02 

0.6 -2.228545 E-01 7.425089 E-02 

0.7 -3.974722 E-00 5.666415 E-02 

0.8 -6.884235 E-00 1.056823 E-01 

0.9 -7.074422 E-00 4.068959 E-01 

1.0 -4.447686 E-00 8.441329 E-01 

1.1 -1.729951E-00 7.716219 E-01 

1.2 6.380223 E-01 2 .460397  E-01 

1.3 2.611250 E-00 -2.279747 E-01 

1,4 4.256720 E-00 2.937477 E-01 

1.5 5.217480 E-00 1.841442 E-00 

1.6 4.011329 E-00 1.755357 E-00 

1.7 6.659431E-00 -7.784359 E-02 

1.8 -3.355924 E-00 -2.300878 E-00 

1.9 8.567907 E-00 -1.494702 E-00 

2.0 -4.209002 E-01 3.922260 E-00 

2.1 7.821717 E-00 6.823872 E-00 

2.2 -2.263196 E-00 5.385360 E-00 

2.3 -7.372242 E-00 9.468709 E-01 

2,4 -6.644832 E-00 -9.200700 E-02 

2.5 9.127228 E-01 3.080837 E-00 

2.6 2.038233 E-01 1 . 6 1 0 9 8 1 E - 0 1  

2.7 2.396705 E-01 1.028519 E-01 

2.8 8.656653 E-00 -1.447511E-01 

2 . 9  - 3 . 6 0 7 0 7 7  E - 0 1  - 5 . 9 1 7 9 3 4  E-01  

3 . 0  -1 .000000  E - 0 2  - 1 . 0 0 0 0 0 0  E-02  
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3.3 TEST DATA WITH DISCONTINUITY 

It is the nature of least-squares curve fitting techniques to 

reduce fluctuations in the data. Indeed, the techniques are designed 

to possess this characteristic, making them a highly useful tool for 

reducing the effects of experimental scatter in the input data. However, 

when a phenomenon such as a sudden change in slope is a vital aspect of 

the raw data and therefore an important feature of the emission coeffi- 

cient values to be calculated, care must be taken in manipulating the 

parameters to achieve a data set configuration to attain optimum accuracy 

in the resultant emission coefficient values. Since the basis of the 

inversion technique is a polynomial curve fit, it is reasonable to expect 

that a good radiance curve fit will be difficult to achieve when the data 

possess an abrupt change in slope. To test this hypothesis, a set of data 

was constructed by using the following form for the emission coefficient 

function: 

~ ( r )  = 

0 .5  

25 

2 
r 

O _ ~ r < 1 5  

1 5 ~  r_~ 20 

(35) 

By evaluating Eq. (I) for the above functional form of e(r), one finds the 

associated analytical radiance function to be 

l ( x )  = 

( 400 - x 2 )  ]i 0 _~ x _~ 15 

- -  s e c  - -  , 1 5  < x < 2 0  
X 

Twenty-one data points were generated for input data using Eq. (36). 

These input data are listed in Table 10 along with the associated values 

of the emission coefficient found by evaluating Eq. (35) at the appro- 

priate displacement values. Note that the sharp drop in magnitude of 

the radiance between the displacement values of 15 and 16 is reflected in 

the emission coefficient values at the same points. The initial radiance 

data are shown graphically in Fig. 10, whereas Fig. 11 displays the emission 
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coefficient profile. The dotted line in Fig. 11 represents the analytic 

results, Eq. (35). The smoothing process created a curve which gives 

results quite different from the analytical results, as would be expected 

from Fig. 10. 

Table 10. Input Data Defining a Curve with a Sudden 
Change in Slope 

Analyt ic  
D i s p l a c e m e n t  Radiance  (Data) E m i s s i o n  

Coeff ic ien t  

0 20.00000 0.50000000 

1 19,97498 0.50000000 

2 19.89975 0.50000000 

3 19.77372 0,50000000 

4 19.59592 0.50000000 

5 19.36492 0.50000000 

6 19.07878 0.50000000 

7 18.73499 0.50000000 

8 18,33030 0.50000000 

9 17,86057 0.50000000 

10 17,32051 0,50000000 

11 16,70329 0.50000000 

12 16,00000 0.50000000 

13 15.19868 0.50000000 

14 14.28286 0.50000000 

15 13.22676 0.50000000 

16 2.01094 0.09765626 

17 1.63180 0,08650519 

18 1.25285 0.0?716049 

19 0,83569 0.06925208 

20 0,00000 0.06250000 
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In an attempt to better reproduce the steeply sloping portion of 

the data between the displacement values of 15 and 20, five more points 

within the interval 15 ! x ! 20 were generated from Eq. (36). This 

set of data is listed in Table 11 along with the associated analytic 

values of the emission coefficients. The initial radiance data are 

shown graphically in Fig. 12, and Fig. 13 displays the emission coefficient 

profile obtained by using the 26 data points listed in Table 11 as well as 

the analytic results, Eq. (35). A comparison of Figs. 11 and 13 shows 

that the sudden change in slope in the emission coefficient curve is 

better reproduced using the second set of data. Nevertheless, the overall 

results of the inversion are quite unacceptable and seem no better than 

the results illustrated in Fig. 11. 

Table 11. Twenty-Six Input Dam Poin~ Defining a Cu~e 
with a Sudden Change in Slope 

Analytic 
Dzeplacernent Radiance (Data) Emzssion 

Coe~zc~nt  

0.0 80.00000 0.50000000 

1.0 19.97498 0.50000000 

2.0 19.09875 0,50000000 

3 .0  19. 7?372 O, 50000000 

4.0 10.59992 0,50000000 

8.0 19.36492 O. 50000000 

6.0 19.07878 0.50000000 

7.0 18.73490 0.50000000 

8.0 18.33030 0.50000000 

9.0 17.89057 0.50000000 

10.0 17.32051 0,50000000 

11.0 16.70329 0.50000000 

18,0 16.00000 0.50000000 

13.0 f5.19868 0.50000000 

14.0 14.28860 0.50000000 

15.0 13.22878 0.50000000 

15.5 2.20671 0.10405830 

16.0 2.01094 0.09765620 

16.5 1.01998 0.09182736 

lV.O 1.63180 0.08650519 

17.8 1.44388 0.08)63205 

16.0 1.25285 0.0~716049 

18.5 1.05341 0.07304602 

19.0 0.83569 0.06925208 

10.5 0.5?455 0.06574682 

20.0 0.00000 0.06250000 

43 



A E  D C - T R - 7 6 - 1 6 3  

B 

Number of Points: 26 
Number of Intervals: 4 3 2 -  
Number of Points per Interval: 8 85 5 

28 - ~ Data and Uncertainty 

"~ 24 

z2 

8 

4 

0 | I I I I I I I I e ~ .  I 

0 6 12 18 

Displacement, arbitrary units 

Figure 12. Intensity for twenty-one point sudden 
change in slope data. 

0.90 r 

0.80 

"~ 0.70 

~ 0.60 

~ 0.50 
g 
~ 0.40 

0,30 
C 

.o 0.20 

O. 10 

Number of Points: 26 
Number of Intervals: 4 
Number of Points per I ntervah 8 8 5 5 
~[ Propagated Uncertainty 

I 

% - 

I I I I i i t ~'="]'1 
6 12 18 

R a d i u s ,  a r b i t r a r y  u n i t s  

I I 
24 

Figure 13. Emission coefficient profile for twenty-six 
point sudden change in slope test data. 

I 

24 

I 
3O 

I 
30 

44 



AEDC-TR-76-163 

It should be noted from examination of Figs. 10 and 12 that the por- 

tion of the radiance curve possessing the steep slope is not ~ell repro- 

duced in either case. In fact, portions of the fitted curve in the 

steep slope region lie entirely outside the standard deviation error 

bounds on the radiance data. 

It is clear from these examples that it is not always possible to 

adequately fit the data by the use of the least-squares spline fit 

technique described herein. It is reasonable to expect that when the 

data are not well fitted the resultant emission coefficients will not 

be accurate. This conclusion is supported by examination of the data 

in Tables 10 and 11 and in Figs. 11 and 13, which deal with the emission 

coefficients for the radiance data of Figs. 10 and 12. Consequently, 

in such cases, a different approach to the inversion or a different 

set of fitting functions, something which has the potential of modeling 

the discontinuity, should be used. 

3A APPLICATION TO EXPERIMENTAL DATA 

As an illustration of the application of the inversion technique 

to typical experimental data, inversion results for the radiance profile 

of a selected spectral line from an argon arcJet are presented. The 

details of the experiment and implications of the results are included 

in Ref. 16. The radiance profile is shown in Fig. 14. Data from both 

sides of the centerline are included to indicate the symmetry of the 

plume and to provide additional data for the least-squares curve fit. 

The bars shown in Fig. 14 represent a typical two-standard-deviation bound 

for the data, and the curve represents the results of the least-squares 

spline fit. The results of the inversion and error propagation are 

shown in Fig. 15. The error bars represent the two-standard-deviation 

uncertainty at each of the radii. The largest standard deviation, that 

on the centerline, represents approximately a 10-percent uncertainty in 

the corresponding emission coefficient. The results represent the apparent 

best fit to the data, as determined by the propagated error, and represent 

physically acceptable results. 
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4 .0  S U M M A R Y  

A method of performing Abel inversions and a method of determining 

the propagation of the associated experimental errors has been presented. 

The Abel inversion is applied to the problem of determining the radial 

distribution of emission coefficients from observations of the radiance 

from a cylindrically symmetric radiating source. The particular scheme 

for solving the Abel inversion problem is a least-squares polynomial 

spline fit technique. The spllne fit technique involves the division of 

the raw data into several intervals and the least-squares curve fitting 

of the data points in each interval to a slxth-degree even polynomial. 

The ordinates, slopes, and second derivatives of the polynomials are 

required to be continuous at the interval boundaries. Thus the polynomials 

are constrained so that the total data profile is smooth and yet provides 

the best fit of all the data in the least-squares sense. The Abel 

inversion of the resultant polynomial model of the data is obtained 

analytically. 

, The associated error propagation analysis is developed by casting 

the numerical equations selected to perform the curve fit and integration 

into a form in which the problem can be viewed as a linear transformation 

from the raw data to the inverted results. In this manner, the variance- 

covariance matrix of the raw data can be directly transformed to the 

varlance-covariance matrix of the emission coefficients. The result of 

the error propagation analysis provides an objective basis for the sub- 

jective determination of the series of polynomials providing the most 

nearly correct fit to the raw data and resultant emission coefficient. 

A computer program to perform the least-squares spline fit and associated 

error propagation analysis is described in Appendix A. 

To determine an acceptable least-squares polynomial spline fit for 

a particular set of data, there are generally four parameters to be 

considered: (I) the total number of data points, (2) the number of 
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intervals into which the data are divided, (3) the number of points per 

interval, and (4) the displacement distribution of the data points. It 

has been shown that the parameter configurations of randomly scattered 

data which yield accurate emission coefficient values are generally the 

same parameter configurations which yield accurate emission coefficients 

for data without scatter. However, when the data curve possesses an 

abrupt change in slope, it is generally not possible, using a polynomial 

function, to arrange the data parameters into a configuration that yields 

an acceptable curve fit. 

Although the development of the error propagation method has been 

applied specifically to a particular least-squares spline fit scheme, the 

method can be applied, with appropriate modifications, to any least- 

squares polynomial approximation or polynomial spline fit technique. 

Therefore, the error analysis technique can serve as a means of comparing 

the applicability of various schemes to the same problem. 

It should be noted that each set of experimental data is unique, 

and the choice of data parameters must be based upon an analysis of 

the standard deviations generated for each data set. The error analysis 

process described provides an objective basis upon which a subjective 

Judgement can be made concerning the acceptability of the results obtained 

by the application of the least-squares polynomial spline fit technique 

to a particular problem. 

REFERENCES 

I. Griem, H. R. Plasma Spectroscopy. McGraw-Hill Book Company, Inc., 

New York, 1964. 

2. Mikhlin, S. G. Linear Integral Equations. 

Corp., Delhi, India, 1960. 

Hindustan Publishing 

48 



AEDC-TR-76-163 

. Pearce, W. J. "Calculation of the Radical Distribution of Photon 

Emitters in Symmetric Sources." Conference on Extremely High 

Temperatures, John Wiley & Sons, Inc., New York, 1958, pp. 

123-134. 

. Nestor, O. H. and Olsen, H. N. "Numerical Methods for Reducing 

Line and Surface Probe Data." Siam Review~ Vol. 2, No. 3, 

July 1960, pp. 200-207. 

. Bockasten, K. "Transformation pf Observed Radiances into Radial 

Distribution of the Emission of a Plasma." Journal of the 

Opt%cal Society of America, Vol. 51, No. 9, September 1961, 

pp. 943-947. 

. Freeman, M. P. and Katz, S. "Determination of a Radiance-Coefficlent 

Profile from the Observed Asymmetric Radiance Distribution of 

an Optically Thin Radiating Medium." Journal of the Optical 

Society of America, Vol. 53, No. 10, October 1963, pp. 1172- 

1179. 

. Barr, W. L. "Method for Computing the Radial Distribution of 

Emitters in a Cylindrical Source." Journal of the Optical 

Society of America, Vol. 52, No. 8, August 1962, pp. 885-888. 

. Cremers, C. J. and Birkebak, R.C. "Application of the Abel 

Integral Equation to Spectrographic Data." Applied Optics, 

Vol. 5, No. 6, June, 1966, pp. 1057-1064. 

. Dooley, M. T. and McGregor, W. K. "Calculation of the Radial Distri- 

bution of the Density Dependent Properties in an Axisymmetric 

Gas Stream." AEDC-TN-60-216 (AD256777), May 1961. 

49 



AEDC-TR-76-163 

10. Blair, D. W. "An Analysis of Error Propagation in Abel Inversions 

of Spectral Emission-Absorption Data." Journal of quantitative 

Spectroscopic Radiative Transfer, Vol. 14, No. 5, May 1974, 

pp. 32 5 -337 .  

11. Bjork, A. and Dahlquist, G. Numerical Methods. Prentice Hall, Inc., 

Englewood Cliffs, New Jersey, 1974. 

12. Dettman, J. W. Mathematical Methods in Physics and Engineering. 

McGraw-Hill Book Company, Inc., New York, 1969 (Second 

Edition). 

13. Hildebrand, F. B. Methods of Applied Mathematics. Prentice-Hall, 

Inc., Englewood Cliffs, New Jersey, 1965. 

14. Graybill, F. A. and Mood, A. M. Introduction to the Theory of 

Statistics. McGraw-Hill Book Company, Inc., New York, 1963. 

15. Hines, W. W. and Montgomery, D. C. Probability and Statistics in 

Engineering and Management Science. The Ronald Press Company, 

New York, 1972. 

16. Limbaugh, ~. C. "Determination of the Excited State Density 

Distribution within a Nonequilibrium Freely Expanding Argon 

Arcjet Plume." AEDC-TR-77-23, March 1977. 

50 



AE DC-TR-76-163 

APPENDIX A 
COMPUTER PROG RAM DOCUMENTATION 

A.1.0 GENERAL INFORMATION 

The analytic and numerical approach described in the text of this 

report has been coded into a computer program to effect the Abel inversion 

of data from cylindrically symmetric sources and perform the associated 

propagation of experimental errors. The purpose of this appendix is to 

provide the description, documentation, and user manual for the computer 

program. The program described herein is in an "as developed" state and 

can be readily modified, as required, for more efficient operation for 

Abel inversion of data other than emission data. 

A.1.1 DESCRIPTION OF PROBLEM 

The physical problem is the determination of the radial distribution 

of the emission coefficients from measurements of the radiance from a 

cylindrically symmetric, optically thin radiating source. The problem, 

illustrated in Fig. A-I, is generally expressed mathematically as 

B 
*(r) r d r y(x)  2 J 

x ( r  2 -- x 2 ) ~  

where  y ( x )  i s  t h e  m e a s u r e d  r a d i a n c e  a s  a f u n c t i o n  o f  t h e  d i s p l a c e m e n t  

x ,  R i s  t h e  o v e r a l l  r a d i u s  o f  t h e  s o u r c e ,  and E( r )  i s  t h e  r a d i a l l y  

dependent emission coefficient, to be determined. The quantity y(x) 

is the usual experimental measurement. In the situation described, the 

emission coefficient can be expressed as 

l fP" (dy/dx)  dx 
~ ( r )  

- "r _ 
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However, because y(x) is subject to experimental uncertainty, there is 

uncertainty in the derivative dy/dx. Furthermore, variations in dy/dx 

can have pronounced effects upon e(r) if the evaluation proceeds directly 

using raw data. Consequently, a smoothing process for the data coupled 

with a means of determining the effects of propagating the experimental 

uncertainty through the smoothing and subsequent inversion is required. 

Cylindrically 
Symmetric 
Radiating Sour 

y(x) 

Experimental 
Measurement 

f / f J 
/ / / /  

/ / / /  ~ 
/ / / / 

J J / / 

1 
R 

R 
Ix) [] 2 f Elr)rdr 

x 

Figure A-1. Illustration of l~e physical problem. 
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The smoothing can be accomplished readily by least-squares 

techniques, and, with the proper choice of fitting function, the 

determination of the emission coefficient can become analytic. The 

details of the mathematical development of the equations for smoothing 

and subsequent emission coefficient and error propagation are given in 

the body of the report. The problem may be summarized by noting that 

a set of data points {(x, y)), where x is the independent variable and y 

is the dependent variable, are to be curve fit to a series of sixth- 

degree even polynomials. Each polynomial is to be valid over a specific 

range or interval of the data, and adjacent polynomials are to be smooth 

in both the function and its first derivative; the second derivative is 

to be continuous at the interval boundaries. The series of polynomials 

is to be further constrained so that they provide the best least-squares 

fit to the data. The mathematical problem is solvable by Lagrange's 

undetermined multipliers. Subsequent to the least-squares curve 

fitting, the last interval is fitted with a polynomial to insure zero 

slope and ordinate at the outer edge of the data. 

The dependent variable, y, at any point, x, is thus expressible by 

the equation 

y(x) ailx + ai2x2 4 6 = + a i3x  + a i4x  (A-I)  

where the subscript i denotes the i th interval such that 

Zi_  1 ~ x ~ Z i (A-2) 

where the Z's are the interval boundary points. By writing Eq. (A-I) 

for each of the dependent variables (radiances) measured, one can evolve a 

system of equations linear in the unknown coefficients, nil , ai2 , ai3 , 

and ai4. The introduction of the constraints provides additional equations 

also linear in the unknown coefficients and Lagrange's multipliers. The 

mathematical curve-fitting problem is thus expressible in matrix vector 

notation as 

BA = C (A-3) 
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where the matrix A is the (7n - 3) by I matrix containing the coefficients 

of the polynomials and the Lagrangean multipliers and n is the number of 

intervals into which the data have been divided; B is a (7n - 3) by 

(7n - 3) symmetric matrix of functions of the independent variable, x, 

and the interval division points, z; and C is a (7n - 3) by I matrix con- 

taining functions of the independent and dependent variables. The 

matrices B and C are described in greater detail below. The objective 

of the curve fitting technique is to obtain the solutlon of Eq. (A-3) for 

the column vector A. 

The matrix B may be partitioned thus: 

B = T (A-4) 

where R is a 4n by 4n block diagonal matrix and N is a 4n by (3n - 3) block 

band matrix, each of which may be further partitioned thus: 

P1 
P2 

P3 
R = (A-S) 

P 
I1 

• N = 

Q !  

- Q1 Q2 

- Q2 Q3 • 

- -  Q 3  • 

• . Q n -  1 

' - Q n - !  

(A-6) 
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are each 4 by 4 symmetric matrices which are 

m{ 
fj E j lj 

i = S .  i f  Sj  i =  Sj j 

Ej fj Ej fj 
4 

I:,'~ I:~, I::, E~? 
i-- sj i f  s} i= sj ~= sj 

E} Ej {~j gj 

i= sj i= sj i ffi sj i= sj 

Ej gj Ej I~j 

E-~ I>? ~ I  ° llxl'- 
i=sj  i = s j  i= sj i= sj 

(A-7)  

and the matrices Qj a r e  e a c h  4 by 3 and  a r e  d e f i n e d  a s  

Qj 

'4 0 0 

z? 
-__L_J Z. 

2 ] 

.Z 4 
J 

z 6 
____L 

2 

2 z  3 6 z  2 
1 { 

3Z. 5 15Z. 4 
J ! 

(A-S) 
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The matrix C in Eq. (A-3) is expressed as the product of two 

matrices, 

C = GY (A-9 )  

where G is a (7n - 3) by p matrix of certain powers of x (the p- 

independent data points) and y is a p by I matrix of the p-dependent 

data points. The matrix G may be partitioned into a block diagonal matrix 

isl 1 S 2 
0 

C = (A-10) 

0 Sn 

where each Sj is a 4 by mj matrix 

1 1 • • 1 

2 2 2 
Xmj_ l+  I X m j _ l + 2  Xmj_ l+  mj 

4 x 4 4 
mj_ 1+ 1 Xmj - • • x m Sj = i + 2  j _ l + m j  

6 6 6 
Xrnj- 1 + 1 Xm x j_l +2 m j - 1  +mj 

(A-I I) 

With each of the elements of B, G, and Y thus defined for a given set 

of data (x,y), solution to Eq. (A-3) is immediate, yielding a vector 

containing the coefficients of the polymonials satisfying the least- 

squares spline fit criteria. The solution can be expressed as 

A= WY (A-I 2) 

where 

W= B-IG (A-13)  
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With the dependent data thus expressed as the evaluation of a 

polynomial, the emission coefficient, 

e(r) = - - - 1  f R  (dy/dx) 8x 
~ (x  2 _ r 2 )~ (A-14) 

is analytic. Since the range of integration is over x, and the dependent 

variable, y, is expressed by different polynomials over different ranges 

of x, the integral, Eq. (A-14), is expressed as the sum of integrals, 

each valid over a different range; i.e., 

e(r) =- I Zj-1 dy/dx dx + dx 

n" r2 }~ ~ - )~ (x 2 _ "=" Zi_ l 
(A-15) 

Or, substituting the polynomials for the dependent variables, 

E ° 
~(r) = (x 2 r2) ½ 4 (x2+ 2r 2) ~- 

n 2 a 2 ' j - I  + - - a 3 ' j - l s  - - a4 ' j -115  

( 3 x 4  + 4x2r2 I Zj_i  • + 8r4) r 
=~( x 2 _ r 2 )~ [ 

~r 2a2i 
i=j 

(A-IS) 

4 x 2 r 2 6 2 2 + --a3i ( + 2 ) ~ -- a4i (3x 4 + 4x r 
3 15 z i-1 

which is linear in the polynomial coefficients. Thus, the results of 

evaluating the emission coefficient at several independent data points 

can be expressed in matrix vector notation as 

E -- M^ (A-17) 

where E is the column vector of emission coefficients evaluated at 

m values of r, A is the coefficient matrix determined as the solution 

to the least-squares spllne problem, and M is an m by (7n - 3) matrix 

defining the coefficients of the respective elements of A. 
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Substituting for A, the emission coefficient may be expressed as 

E = ~ l l ] - l G ~  

which expresses the emission coefficient as the result of a linear 

transformation of the data, y. 

(A-I 8) 

With the emission coefficient described as the result of a linear 

transformation from the data space, it is an easy step to provide the 

transformation of the uncertainties of the data to uncertainies of the 

emission coefficient. 

Let 

so that 

Then 

F = ~,'IB- ~G ( A - 1 9 )  

E = I ; Y  (A-20) 

[ E ] c  v = F[YIcvF T ( A - 2 1 )  

where the [] symbol is used to describe the variance-covariance matrix 
CV 

of the parameter enclosed. 

The objective of the computer code presented herein is to calculate 

the elements of the respective matrices M, B, G, and Y from input data 

{(x, y)} so that the coefficient vector A and the transformation vector 

F are determined. Further, for input [Y]cv' the [E]cv values are 

determined. 

A.1.2 LIMITATIONS 

As written, the computer program is subject to the following 

restrictions and limitations: 
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1.  T h e r e  c a n  b e  n o  m o r e  t h a n  51 d a t a  p o i n t s .  

2. There can be no more than 10 intervals. 

3. There must be at least one point per interval. 

4. There must be at least two intervals. 

. The variance-covariance matrix of the raw data must 

be diagonal. 

6. The input data must be read in by increasing displacement. 

A.2.0 PROGRAM DESCRIPTION 

The program in its present form requires approximately 150 K bytes 

of core on the IBM 370/165 computer, is composed of six Fortran subroutines 

or functions and a main program, and will perform the computations for 31 

data points distributed into four intervals in about I/2 sec. The time 

required per case, of course, varies according to the number of points, 

intervals, and points per interval. 

A.2.1 SUBPROGRAM DESCRIPTIONS 

A short description of each pertinent routine used in the computer 

program is listed below. 

MAIN PROGRAM 

The main program provides the logic for the computer program to 

execute multiple cases, the proper calling logic to the various routines 

which effect the data input, inversion, and errors propagation analysis, 

and the program summary output. The program utilizes two output units: 
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the line printer and logical unit 8. The logical unit 8 provides an 

additional temporary storage device so that the results of the analysis 

may be used in subsequent analysis programs by job stepping. Multiple 

data cases are accomplished simply by putting the proper logic inside 

a Do-loop. 

SUBROUTINE INPUT 

As the name implies, this subroutine provides for the input of 

all data on logical unit 5. The subroutine includes calibration 

calculations to provide for conversion of the input raw data units to 

physical units. The input data in raw and calibrated form are output 

on logical unit 6. All communication with this subrountine is through 

COMMON. 

SUBROUTINE INVERT 

This subroutine provides the logic to perform the least-squares 

spline fitting of the data and determination of the coefficients and 

transformation matrix. The bulk of this work is accomplished in SUB- 

ROUTINE COVCAL. However, subsequent to the call to COVCAL, the subroutine 

recalculates the coefficients for the last interval in order to assure 

meeting the constraints of zero slope and ordinate at the outer edge of 

the data. The final set of calculated coefficients are output on logical 

unit 6, and the percentage difference between the input data and the 

results of the curve fit are calculated. All cormuunicatlon with this 

subroutine is through COMMON. 

SUBROUTINE COVCAL 

This subroutine provides for the determination of the elements of 

the matrix B [Eqs. (A-3), (A-4), and (A-5) through (A-8)], the matrix 

G [Eqs. (A-9) through (A-11)], the matrix M [Eq. (A-17)] and the matrix 
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F [Eq. (A-19)]. With these matrices, the polynomial coefficients, the 

emission coefficients, and the propagated variance-covariance matrix 

are immediate. The calculations proceed calculating sequentially as 

follows: 

I. 

. 

The array G [Eq. (A-9) through (A-11)], identified in Fortran as XTI 

The array B and B -I [Eqs. (A-3) through (A-8)], identified in 

Fortran as (XTX) 

. The coefficients array A [(Eq. (A-12)], identified in 

Fortran as AV 

4. The array M [(Eq. (A-17)], identified in Fortran as XTX) 

5. The array F [(Eq. (A-19)], identified in Fortran as XT) 

6. The array [E]c v [(Eq. (A-21)], identified in Fortran as VC. 

All communication with this subroutine is t h r o u g h  COMMON. 

SUBROUTINE EMSCAL 

This subroutine provides the logic for calculation of the emission 

coefficients at each of the radial positions, Eq. (A-16), numerically 

equal to the input displacement positions. The calculation proceeds by 

Do-loop, and tracking of the point with respect to the interval boundary 

points is maintained so that the correct coefficients are used in the 

integral evaluation. Communication with this subroutine is through the 

argument list: No. of points, No. of intervals, interval endpoints, 

displacement array, curve fit ceefficient arrays, and resultant emission 

coefficient array. 
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FUNCTION EMFUN 

This double precision function performs the numerical evaluation 

of the Abel integral at either the upper or lower limlt when the 

intensity is described by a four-term, slxth-degree even polynomial, 

Eq. (A-16). Input arguments include the radius, the upper weighted 

by the exponent of the corresponding independent variable (that is, 

2a2, 4a3, 6a4). These weighting factors arise from the differentiation 

of the polynomial. 

SUBROUTINE MATINV 

This is a standard service routine which obtains the inverse of a 

matrix by Crout reduction with partial pivoting. 

A.2.2 L. IST OF FORTRAN VARIABLES 

A Spontaneous transition probability (sec -1) 

At(1) 

A2(I) 

A3(I) 

A4(I) 

Curve fit coefficient for the I th interval, Eq. (A-3) 

Curve fit coefficient for the I th interval, Eq. (A-3) 

Curve fit coefficient for the I th interval, Eq. (A-3) 

Curve fit coefficient for the I th interval, Eq. (A-3) 

CI Recalculated coefficient for last interval: 

AI (NTVL) 

C2 Recalculated coefficient for last interval: 

A2 (NTVL) 
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C3 Recalculated coefficient for last interval: 

A3(NTVL) 

C4 Recalculated coefficient for last interval: 

A4 (NTVL) 

CAL2 

CAL3 

CAL4 

c 5} 
CAL6 

Calibration constant for intensity according to: 

ENTENca I ffi (ENTENinpu t - ZERO) *CAL2 

Calibration constant for x according to: 

DISPca I = (DISPinpu t - CAL3) * CAL4 

Not used 

D Intermediate computational variable 

DEN Intermediate computational variable 

DISP Array of displacements at which data are taken 

EMZS Vector E of emission coefficients 

EN Energy level (cml), not used 

ENDPT Array of interval endpoints 

ENTEN Vector Y of radiances at the x locations in 

DISP 

F Intermediate variable 

FI Assignment s ta tement  subprograms for  the  computat ion 

of Eq. (A-16), Subroutine COVCAL 
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F2 Assignment statement subprograms for the computation 

of Eq. (A-16), Subroutine COVCAL 

F3 Assignment statement subprograms for the computation 

of Eq. (A-16), Subroutine COVCAL 

FAC Fractional value of input radiance data which is 

to be taken as the standard deviation of the radiance 

Statistical weight 

HEAD Alphanumeric header for identification 

Index 

IBOT Index 

ITIME Code to indicate whether x locations and interval 

sizes are the same from one data set to the next 

ITOP NTVL + 1 

I n d e x  

J1 I n d e x  

J2 I n d e x  

J24  I n d e x  

JC I n d e x  

K I n d e x  
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K1 I n d e x  

K2 I n d e x  

K3 I n d e x  

K4 I n d e x  

L I n d e x  

LIN Line Counter index 

M2 I n d e x  

M3 I n d e x  

MD 7*NTVL- 3 ffi 7n- 3 

MSV Intermediate variable 

NPNTVL Number of points in the I th interval, m i 

NPT Total number of data points, p 

NPTI Computational variable 

NSETS Number of sets of data 

NTLO Computational variable 

NTVL Number of intervals, n 

NTVL4 Computational variable 
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NTVL41 Computational variable 

NTVL42 Computational variable 

PERROR Percentage error between curve fit radiances 

and input data values 

PI 3.14159265 

R A particular x value passed to EMFUN from 

subroutine EMSCAL 

RO Overall radius of source, R 
O 

SD Array of intensity data standard deviations 

SUM Intermediate computational variable 

TI Computational variable used to compute Eq. (A-16) 

T2 Computational variable used to compute Eq. (A-16) 

T3 Computational variable used to compute Eq. (A-16) 

VC Emission coefficient covariance matrix [E]c v 

WL Wavelength (angstroms), not used 

WORK Array containing the squares of the interval 

end points 
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X Intermediate computational variable in subroutines 

INVERT and EMSCAL: array used first to store the 

elements of the matrix W, and next the elements 

of the matrix F --~[Y]cv in subroutine COVCAL 

XT Array containing the elements of the matrix G, and 

then the elements of the matrix F 

XTX Array containing the elements of the matrix B, 

next the elements of the matrix B -I, and finally 

the elements of the matrix M 

Y A particular endpoint passed to EMFUN from EMSCAL 

YI Intermediate varlable 

YIP Array of curve fit intensity values 

YSPLN Array containing d a t a  intensity v a u e s  

ZI Intermediate variable 

Z2 Intermediate variable 

Z12 Intermediate variable 

Z13 Intermediate variable 

Z21 I n t e r m e d i a t e  v a r i a b l e  

Z22 I n t e r m e d i a t e  v a r i a b l e  
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ZERO 

ZSPLN 

Calibration constant for radiance according to: 

ENTENca I = (ENTENinpu t - ZERO) CAL2 

Array containing squared x values 

A.3.0 INPUT/OUTPUT 

The input consists of certain control parameters defining the logical 

arrangement of the physical data, the radiance data and the corresponding 

position (measured from zero on th@ centerllne) and standard deviation 

estimate, and calibration factors. In addition, there are four input 

parameters which are not used in the inversion but are passed on to the 

output data unit for subsequent use. When narrow spectral llne data are 

inverted, the four additional parameters can be used for the atomic 

constants characterizing the radiation. The output consists of input 

data, calibrated data, certain intermediate calculation steps, and final 

results. The output is clearly labeled. 

The principal input physical parameter is the radiance (radiated 

power per unit area per unit solid angle). The principal output physical 

parameter is the emission coefficient (radiated power per unit volume per 

unit solid angle). The specific units of the calculated emission coeffi- 

cient will be consistent with the units chosen for the input radiance and 

displacement. There is no internal unit conversion provided other than 

with the calibration factors. 

A.3.1 INPUT DATA CARDS 

Card No. 
and Format Fortran Variable 

I. (I3) NSETS 

Description 

Number of sets of 

data to be radially 

inverted. 
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. 

. 

. 

(20A4)  

( 6 E 1 2 . 0 )  

( 3 1 3 )  

HEAD 

WL,A,G,EN 

NPT 

NTVL 

ITIME 

Header card to provide 

means of identifying 

uniquely each set of 

input data. 

Four variables not 

used directly in the 

calculation but passed 

through to the output 

unit for subsequent 

use. F o r  narrow 

spectral llne 

emission data these 

may be wavelength, 

transition proba- 

bility, statistical 

weight, and energy 

level respectively. 

Number of data points. 

Number of intervals. 

ffi 0 if only the 

radiances have 

changed from the 

previous data set. 

= I each time a new 

set of data is 

run. 

. ( 2 6 1 3 )  (NPNTVL(1),IffiI,NTVL) NTVL v a l u e s :  e a c h  

v a l u e  is t h e  number  

o f  d a t a  p o i n t s  i n  

t h e  c o r r e s p o n d i n g  

i n t e r v a l .  
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6. (6E12.0) 

l 
n .  

n + l .  (6E12 .0 )  ZERO 

CAL2 

DISP(I) 

ENTEN(I) 

SD (1) 

I = I, NPT 

CAL3 

CAL4 

CAL5 

CAL6 

The displacement 

radiance and standard 

deviation data from 

the centerline to the 

outer edge, two sets 

per card. 

Radiance data calibra- 

tion according to 

I = (ENTEN - ZERO)*CAL2. 

Displacement data 

calibration according 

to X = (DISP - CAL3) 

*CAL4. 

Not used. 

Not used. 

For multiple data sets, repeat cards 2 through n+1. 

A.3.2 OUTPUT 

The printed output, on logical unit 6, consists of five pages/case, 

and the identification and logic of the output are self-evident. The 

printed output consists of I) input data, 2) calibration data, 3) curve 

fit coefficients, 4) emission coefficient, and 5) propagated errors. 

In addition to the printed output, the various quantities are 

written (formatted) on logical unit 8 for offline storage of results or 

use by subsequent job steps. This output is listed as follows: 

Record  No. 
and Format Outpu t  L i s t  Description 

I. (13) J Case No. 
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2. (20A4) HEAD Case identification. 

3. (4D20.13) WL,A,G,EN Four variables 

passed from input 

to this output 

record; not used 

in the radial 

inversion. 

4. (2613) NPT, NTVL, 

(NPNTVL,I = I, NTVL) 

No. of points, 

No. of intervals 

and No. of points 

in each interval. 

5. (4D20.13) (AI ( I ) ,A2( I ) ,A3( I ) ,  

A 4 ( I ) , I  ffi I, NTVL) 

The curve fit 

coefficients for 

each of the intervals. 

6. (4D20.13) (ENDPT(I),I ffi |,NTVL+I) The endpoints of 

each interval. 

7. (4D20.13) (DISP ( I ) ,  ENTEN ( I ) ,  I -- I ,NET) Ordered pairs of 

displacement and 

radiance, two pairs 

to each record. 

8. (4D20.13) (PEP, R~R(I ) , I  -- 1,NPT) Percentage error 

between input and 

fitted radiances. 

9. (4D20.13) (EMIS(I),I = I,NPT) Calculated emission 

coefficients. 
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10. (4D20.13) (SD(I) ,I  = 1,NPT)  Standard deviation of 

input radiances. 

11.  ( 4 D 2 0 . 1 3 )  (VCLI),I : I,NPT) Emission coefficient 

standard deviations. 

A.3 .3  S A M P L E  I N P U T  S H E E T  
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I CALL INPUT I 

1 
1 

C) 

A.4.0 FLOW CHARTS 

! 

~ ',riot / 
nversion / 

Data / 

Stop ) 

MAIN PROGRAM 
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C Enter  
II 

d 

RInp ut / 
aw Data /  

w D a t a /  

Calibrate 
Raw Data 

1 P  

Compute 
Interval 
Endpoints 

,1 
l ibrated / 
ata and / 
ndpoints/ 

~ Return~  

SUBROUTINE INPUT 
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1 

L 
Calculate New 
Coeff ic ients  

for Last 
In te rva l  

T 
pri.t / 

o e f f i c i e n t s /  
of All / 

I n t e r v a l s /  

I , 
Calculate  

I n t e n s i t i e s  
and In t ens i ty  

Percentage Errors 

j 
(Return) 

SUBROUTINE INVERT 
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I I  

I I I  

~ S t a r t ~  

1 
S t o r e  i n  XT 

t h e  e l e m e n t s  
I o f  t h e  (Tn  - 3)  

by  p m a t r i x  G. 

D e f i n e  b i j ,  i = 1,  . . . ,  4n  
j = 1,  ~ . . ,  4 n ,  w h e r e  

B = [ b i j ] ,  a (7n - 3 )  b y  
(Tn  - 3)  m a t r i x .  S t o r e  

t h e s e  e l e m e n t s  i n  XTX. 

D e f i n e  t h e  r e m a i n i n g  
e l e m e n t s  o f  B. S t o r e  
i n  t h e  c o r r e s p o n d i n g  

p o s i t i o n s  o f  XTX. 

C a I 1  s u b r o u t i n e  
M A T I N V  t o  

c o m p u t e  t h e  e l e m e n t s  
o f  B - 1  w h i c h  a r e  t h e n  

s t o r e d  i n  XTX. 

(5 

C o m p u t e  
W = B - 1 G .  

S t o r e  i n  X. 

1 
A =  ~ / .  

S t o r e  i n  A V .  

Q 

A Z ( I )  = A V ( J J )  
A 2 ( I )  = A V ( J J  + 1 )  
A 3 ( I )  = A V ( J J  + 2 )  
A 4 ( I )  = A V ( J J  + 3 )  

0 
SUBROUTINE COVCAL 
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IV 

J J  =~+ 4 

D e f i n e  m a t r i x  
M. S t o r e  

i n  XTX. 

Compute  
F =  MW. 

S t o r e  I n  AT. 

1 
S t o r e  i n  XTX. 

Compute  
F [ Y ] c v .  

S t o r e  i n  X. 

Compute  

S t o r e  i n  VC. 

Compute  e m i s s i o n  
c o e f f i c i e n t  s t a n d a r d  

d e v i a t i o n s  by  
t a k i n g  p o s i t i v e  
s q u a r e  r o o t s  o f  

d i a g o n a l  e l e m e n t s  o f  VC. 

SUBROUTINE COVCAL, CONCLUDED 
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I J= i I 

1 
(r i) = _ 

Y e s  J=J+l 

[/ dy n-~ / 
j dx k+l 

dx + 

k- j  Z k 

dy 
dx 

(x 2- r ~  1/2 

0 
T 

O 
Note: In t h i s  subrout ine ,  the subsc r ip t  j (denoting 

i n t e r v a l  endpoint)  is one d i g i t  l a r g e r  than 
the subsc r ip t  i in  Eq. (A-2). 

SUBROUTINE EMSCAL 
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Evaluate the term 

P 

2 2 
X - -  r 

7 r  

4 
2a 2 + ~ a3 I x2 + 2r21 + 6T5 a4 < 3x4 + 4x2r2 + 

u s e d  i n  Eq. ( A- 16 )  

FUNCTION EMFUN 

8r4/] 

m 

0 ? 

? 
. a  
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A.5.O OUTPUT 

CHECKOUT DATA USING DEXP(-XeX) FOR INPUT DATA 
INPUT OATA 

_NL~8[R OF POINTS: 31 
NUMBER OF [NTERVALS: 4 
NUMBER OF POINTS PER INTE~V&LI T B B 8 

INPUT DATA ARRAY 
0 , 0  1.0000000 00 1.0000000-02 

1.0000000-01 9.9005000-01 9.9000000-02 
2.0000000-01 9.6079000-01 9.610000D-02 
3,0000000-01 9.1391000-01 9.1400000-02 
4.0000000-01 8,5214000-01 S.S20000~O~__ 
5,0000000-01 T.7880000-0|  T.7900000-02 
6,0000000-01 6,9768000-01 6.9800000-~2__ 
?,0000000-01 6,126300D-01 6,1300000-02 
B.0000000-01 S.272900D-Ot S.2T00000-02 
9,0000000-01 4 ,4860000 -01  4,490000D-02 
1.0000000 00 3,6788000_-_01 3~6800000-02 
! .1000000 00 2,9820000-01 2,980000D-02 

._LL2000000~0 Z.369~000°Q! 2.3700J00~0~__ 
1,300000D 00 1,5453000-01 | ,8400000-02 

. _ ~ O 0 0 D  O0 1.408600D-01 h410000O-OZ 
1,5000000 00 9,1054000 10 1.0500000-02 
l~6000000_0.0 T,T305000-02 . . . . .  T,TO00000"03 __ 
1,7000009 00 5,S5T6000-02 5,6000000-03 
1,8000000 0 0 _ 3 + 9 1 6 4 0 0 D - 0 2  3,900000D'03 
1.9000000 00 2,?052000-02 2,?000000-03 

_Z~00_O00~0 DO I,S_3L(~Q-_02__ l.S_O_o~000-0_3___ 
2.1000000 O0 1,2155000-02 1,2000000-03 
2,200000D 00 . . . . . .  ~e9071000-Q3 . . . . . . .  T~OIOOOOD-OS__ 
2.3000000 00 5.0418000-03 S,0400000-05 
2,4000000 O0 _ _ _ _ ~ + 1 5 1 1 0 0 0 - 0 ]  . . . . . . . .  3,1S00000-05 _ 
2.S000000 O0 1.9305000o03 1,9300000-05 
2,6000000 O0 . . . .  I d 5 9 2 ~ D ~ O 3 _ _ ~ I 6 ~ O O O D - O , 5 _ _ _  
2.7000000 O0 6.8233000-04 6,8200000-06 
2+5000000 O0 . . . .  3,9367000°04 + _ 3.9400009-06 
2.9000000 00 2,2260000-04 2.2300000-06 
3,0000000+.00_ . . . . . .  J .234 |000-04  . . . . . . . . . . .  | .230000D'06 

BEGINNXNG._~OIqT~_. F, JtCH |NTERVALI_ _ 
0,0 ' 6,SO0000O-011,ASOOOOU O0 2,2500000 O0 
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CH[CKOUT DATA USING DEXPI- I tX)  FOR INPUT DATA 

0,0 1,0000000 00 1,000000D-02 
l,O00000O-Ol 9.9005000-01 9,900000D-02 

_._ 2 , 0 0 0 0 0 0 D - O L  . . . . . .  _ _ _ 9 ~ 6 0 7 9 0 0 D - 0 1 _ _ _  . . . . . .  9 , 6 1 0 0 0 0 9 - 0 2 _ _  
3 0 0 0 0 0 0 0 D - 0 1  9 o 1 3 9 3 0 0 0 - 0 1  9 . 1 6 0 0 0 0 0 - 0 2  

_ _  4 . 0 0 0 0 0 0 D , 0 1  s 7 5 8 1 ~ o 0 ~ 0 1  O . s 2 o o o o o - o z _ _  
50000000D-01 7.788000D-01 ?.790000D-02 

? . O 0 0 0 0 0 O - O l  6 . ! 2 6 3 0 0 D - 0 1  6 . 1 3 0 0 0 0 D - 0 2  
8.000000D-01 . . . . .  S~272900D-@L_+ . . . .  1 5 . 2 7 0 0 0 0 D - 0 2  
9e000000D-01 4.4860000-01 4.k90000D-02 

___1,000000D ¢0 _3,678800D-01 . . . . . . .  3 ,6800000002 _ 
1o100000D 00 ~,98ZOOOD-OI Z,9800000-02 

~ l J  ~ O 0 ~ O O D ~  0 Z • 3693009-01 Zt 3~0090D*0Z___ 
1,3000000 00 1,8&$3000-01 1,840000D-02 
1,4000000 O0 1o4086000-01 . . . . .  1.410000D-02 _ 
1,$000000 O0 9*1054000 10 1,0500000-02 
106000000 O0 . . . . . . . .  ?,7305000-02 . . . . . . .  7,7000000003 
! ,?000000 O0 S,S57600D-02 S,6000000003 

_ _ I  .8000000 00 ._  3 , 9 J 6 4 0 0 0 ~ 0 ~  ! .  9 0 0 0 0 0 0 ~ 0 3  
! .9000000 00 2,705200D-02 2,7000000-03 
2.000000D 00. 1.8316000-02 1,800000D-03 
2.100000D 00 !,21S500D-02 1,200000D-03 
2.2000000 00 7.907100D-03 7,910000D-05 
2,3000000 00 5,0418000-03 S.0400000-0S 

.__ 2 * 4 0 0 0 0 0 D _ O O _ 3 ~ l S l l O O D - 0 3  3,150000D-05 
205000000 00 1.930500D-03 109300000-05 
206000000 O0 101S~2000-03 1,1600009-05 
207000000 00 6*0233000-04 6.820000D-06 
208000000 00 309367000-06 30940000D-06 

• 209000000 00 Z,226~OOD-04 2.2300000-06 
300000000 O0 . . . .  J , 2 3 4 1 0 0 D - 0 4  1,2300000-06 
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CHECKOUT DATA USINO OEXP(-XeX) FOR INPUT DATA . . . .  

INT[RVAL START INTERVAL END 
0,0 6 ,5000000-0 |  

]ekSO0000 O0 2o2S00000 O0 
2.2500000 O 0 ~ O 0 _ Q C D  g9 

A! A2 . . . . .  A3 . . . .  k~ 
-2 ,34 |060D 08 | ,07754~0 10 -5 , |72606D |0 5,39|526D I0 

4 , 2 2 q k 8 1 O  Oq - 2 o 0 9 1 8 6 9 0  10 2 , 3 2 8 9 S 8 0  | 0  - 5 , 2 6 8 6 8 0 0  og 
- 6 , 1 5 6 8 7 8 0  10 7 , 2 9 6 7 0 S D  10 - 2 , 1 3 6 6 7 6 D  10 ! , 8 1 0 8 8 ~ D  09 

| , 4 ~ | | ~ 3 D  | l  -6,ToqT35D |0 9,b268080 09 -4,220132D 08 
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CH(CKOUT OATA USING O(XPI*XeX) FOR INPUT OATA 
INVERSION RESULTS 

STA, DISPLACEMENT 
_ _ |  . . . . .  OtO 

2 1 ,0000009-0|  
3 2,0000009-01 
4 3,000000D-01 
S 4 ,0000000-0 |  
6 S.0000000-01 
7 . . . .  6 , 0 0 0 0 0 0 0 7 0 1  . . . . .  
8 7.000000D-O| 
9 6,0000000-01 

lO 9.000000D-01 
I I  1.0000000 O0 
12 1,100000D O0 

INTENSITYIDATA) INTENSITYICaLC) 
1..L0000000 O0 . . . . . . .  ~ a * ~ Z 0 6 0 O  08 
9.900S000-01 "1.3147050 08 
9.6079000-01 1.]7S9950 08 
9,1393000-01 3.S600~SD 08 
8 ,5214~00-01.  3,8661010 08 
7.7880000-01 6~929476D 07 

._6~976800~0J_ -S,4318400 08 
6,1263000-01 -1,0467060 09 
S.2729V00-0~_ - ! . 0002240  09 
404660000-0] -2.3436090 00 
3.6766000-0 |  . . . . . . .  | .3316860 09_ 
2,9820000-01 3,6823460 09 

PERCENT ERROR EMISSTO~ COEr 
"2,3~t.10609_.10 - 2 , 4 1 9 0 9 8 L 0 9 _ _  
- I . 3279180  10 "2.2175710 09 

1.2239870 10 -1.6842780 09 ._ 
3.695314D I0  -1.0726440 09 
4,5369329 10 + 1 -5 .3473470_06__ 
8,8976320 09 "5.5604320 06 

-7,78SS76Q+1~ . . . .  - 1 , 3 3 0 3 6 6 0 . [ 9  
- I , 7 1 1 8 1 0 0  I I  -2,6~85610 09 
- l .n9691SD 11 . . . .  -3 ,7914630 ~_9 _ 
-5.2242720 lO -4.S~63200 09 

3.6198929 I L  . . . .  -4076701~09_.0~__ 
1.2348S69 12 "4,3~9970D 09 

13 . . . . . . . . . .  [#2000000.00 . . . . . .  ~ , 3 6 ~ 3 0 0 0 ~ 0 1 _ _ ~ 6 ~ 6 6 7 6 ~ 8 9 0 9  . . . .  2 , 8 | ~ | 8 ] ~ . ] 2 _ _ _ ' 3 L 1 . 5 5 2 9 9 D 0 9  
14 1.3000000 O0 1,84S300D-01 9,963342D 09 S,39930?0 12 01.2,00860 09 
IS 1.4000000 00 . | ,4086000,01 . . . . . . .  1,3027370 IO 9 . 2 * § 4 S 2 0 J , ~ _ | , Z ? 7 6 7 5 p g l ~ _ _ _  
16 i ,SOOOOOD O0 90105400D 10 105075079 10. -8.3443810 01 3.8959040 09 
|7  1,6000000 O0 7,730S009-02 . . . . .  1,S592340_;0 . . . . .  2,0169909 13 . . . . . . .  S,0~0261~ 09 
I S  1.700000D O0 S.SS76UOD-02 1 .4575680 10 2.6226580 13 7.Om2TTSD 09 

__ |9  . . . . .  |,80OO00DQO 3.9164JQ~-02 leZlSTB91~J[_.____~+J~4_3_54013 .Z.L439705D 09 
2O 
21 
22 
23 
26 

___25_ . . . . .  
26 

I -- 2 7 

28 
r - -  2 9 

3O 
'111. 

1,900000D 00 2,70S2000-02 8,6091330 09 3.1824390 13 6.999723D 09 
2,0000000 00 . . . . . . .  .1~83|6000-02 . . . . . . .  4,3S97210 @~ . . . .  2,3802000 13_______5J594~|29~0_9___ 
2.1000000 00 ! .2155000-02 2*426017D 07 1*9959010 I I  " 3.5?72040 09 
2,2000000 00 7,9071000-03 -3 ,5729399 0~.__ "6,5186460 1 3 _ _ 1 , 2 1 2 7 7 J 9 9 9 _ _ _  
2,30000~0 00 5.0418000-03 -S,SSg027D 09 - | , | 0 2 S 8 8 0  14 -S .sn430|D 08 
2jL40_O000D 09 . . . .  ---,3~I5|1000"03--------'-~[SZ1916Q-Pg----.'~LO06Z570 J #  . . . . .  "I- i~_~.4B_JO_OL 
2.5000000 O0 10930500D-03 "6*1181490 09 "3,169204D 14 "2,2131699 09 
2.6000009 00 i .1592000-03 *S. !392170 09 -4.433417D 14 _ -2 .37667 |D  0 9 _  
2.700000D O0 608233000-04 °3,6489990 09 0S,34785|D ]4 -2.0o6670D 09 
2,800000D O0 3.9367000-04 "1*99150SD 09 0S*0588|7D 1 4  . "1,4~57079 09 _ 
2,900000D O0 2,2260000-04 -S,989269D 08 -2.690S970 ]4 -6.477049D 08 
3,0000000 aO . . . .  1,234JQ00-04 0,0 . . . . . . . . . .  " 1 ~ * ~ 0 0 0 0 0 0  ~ . . . . . . .  ~ 0  . . . . . .  ~ . . . .  
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CHECKOUT DATA USING UEXP(-XeX) FOR INPUT DAT& 
ERROR ANALYSIS RESULT~I STANOARD OBVIATION 

DISPLACEMENT INTENSITY(UATA) STD DEV(INTENS|TT) 
0 . 0  l . ~ O 0 0 0 0 0  O0 1 , 0 0 0 0 0 0 D - 0 2  
I ,O00000D*OI  9 ,9005000-01  9 ,9000000-02  
2.000000D-OI  9 ,~07900D'01 9 ,610000D-02 
3,O00000D-Ol 9 ,139300D'01 9 ,1400000-02  
4 .000000D-OI  ~.521400D-01 6 ,5200000-02  
5 ,0000000-01  7 ,7880000-01 7 ,T900000-02  
6 ,0000000-01  • 6 .9768000"01  b ,9800000-02  
7,O00000D-Ol 6 ,126300D'01 6 ,130000D-02 
8 .0000000-01  S,272900D'01 5 ,2700000-02  
9 .0000000-01  4 .486000D '01  ~ ,4900000-02  
l .  O00000D O0 3.678800D-01 3 .6800000-02  
I * lO0000D O0 2 ,982000D'01  2 ,9800000-02  
1.200000n O0 2.369300D-01 2 .3700000-02  
1,3000000 O0 1 ,845300D*0 |  1 ,6~00000-02 
1.~000000 O0 1 ,4086000"01 1.410000D-02 
l .SO0000~ 00" 9,105400D 10 I,OSO000D-02 
1.6000000 O0 7 .7305000-02  7.700000D-03 
1,7000000 O0 . . . . . . . .  5 , S S 7 6 0 0 0 ~ Z _ _ _ _  5 ,600000D-03 
1.6000000 O0 3,916~000002 3,900000D-03 
1,900000D O0 2 ,7052000-02  2,700000D-03 
2.000000D O0 1 ,6316000*02  1,800000D-03 
2,100OOOD O0 1 ,2155000"02  1 ,2000000-03  
2.200000D O0 7 ,9071000-03  7 ,9100000-0S 1,212?75D 

.__Z,3OOO(LOD_O~ . . . . . .  5 . 0 ~ 1 8 D 0 0 - 0 3 _ _ _ _  5 ,040000D-05 . . . . . . .  -S,SO430tD 
2,4000000 O0 3 ,151100D '03  3 ,1500000-05  "1 ,627481D 
2,500000D O0 1 ,9305000"03  1 ,9300000-05  - 2 , 2 3 3 1 6 9 D  
2.6000000 O0 1 ,1592000"03  I . I 6 0 0 0 0 0 - O S  "2 .3766710  
2,700000D O0 6 ,823300D-04 6 ,8200000-06  -2 ,09#670D 
2.600000D O0 3.93STOOD-Ok 3 .9400000-06  -1 ,6657070  

.. 2,900000D_ OO __: 2..226000D.-04 . . . . . .  2,Z3OOOOO-O~ . . . .  - 6 , ~ 7 0 4 9 D  
3,0000000 O0 1,234100D-04 1,230000D-06 0 ,0  

(MIS COEF 
-2 ,419098D 09 
-2 ,217571D 09 
-1 ,684278D 09 
-1 ,02264~D 09 
-S,347347D 08 
-5 ,560432D 08 
- | , 3 3 0 3 6 6 D  09 
-~ ,6#8S610 09 
-3 ,791463D 09 
-4 ,5~6320D 09 
-4 ,767014D 09 
-4 .3299700  09 
-3 .1552990  
- ! . 2 6 0 0 8 6 0  

1.2776750 
3.8959060 
5 .8802610 

+_ 7,0827_750_ 
7,4397050 
6,929723D 
5.$94712D 
3,577204D 

09 
09 
09 
09 
09 
O9 
O9 
09 
09 
09 
09 
O8 
09 
.O9 
09 
0 9  
09 
08 

STD OEv(EqIS COEF) 
1 ,0010~ |0o0 !  
9 ,2976~70-02  
7 ,1923 )5D-02  
4 ,437996D-02 
~.60kbTSD-02 
3 ,1~e0350-02  
3 .4906~k0 -02  
2 ,710111D '02  
1 ,868]~SD-02 
1 ,16665~D'02 
8.4821~2D°03 
8,9eOZ740-03 
1,012412D-02 
9 ,131331D-03 
?,369q??O-03 
k,OSgSISO-03 
2.0515~1D-03 

. . . . . . .  L S k I I 4 ? O - U . . .  
3 , 7 0 6 9 9 4 0 - 0 3  
4 , 1 1 0 7 8 6 0 - 0 3  
3 , 6 9 7 1 1 6 D - 0 3  

• . 2 ,5221~4D-03 
6 ,3ko213D-04 

I ,T72S34D-03 
1,7634~6D-01_ 
9,918492D*@4 

.3,7356SOD-0~ . 
1 ,9629~1D-03 

_SLODZSLgD-(13_ 
0 ,0  
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A.6.0 FORTRAN LISTING 

~(VEL 2 1 . 7  I JAN 73 ) 0S/360 FORTRAN N 

-- - - -  C O ~ I q P ~  OPTIONS -- NANEI MAZNIOPTIOZ*LIN[CNTIS~eS|ZEmOOOOK, 
SOURC~*EDCOIC*NOLIST+NODECK*LOAD*~AR+qOEO|T*ED*XRE~ 

C I N I S  RRODR4N ~ERFORN$ RADIAL INVERSIUNS BY LEAST SQUARES SPL~N[ 
C FITT|ND THE RA~ DATA AN{) TNEN INVERTING T~( ~A~ DATA 

ISN 0002 IMPLICIT  REALeSiA*H,O-Z)  
ISN 0003 ZNTt~[R HEAD4~O) 

__~SN.~0004 D~M~NSION NPNfVL(IO)�D~SP(SI)eENTEMCb1IeENDPTIIZ)*AI(IO)*A2(IO|* 
1A3(10)*AA(101,ENtS(SI)IYCALCIS|JtPE~NOR(SIlISO(S1)tVCISlISII 

;SN 0005 COMNON DISP,ENTENtENOPT,R.OjA~tA29_!]~A41YCALCI. P[~RORt[M/S~HEAD, - - .  
I VL*AeGIFNw SOl¥C 

_ ~ S N O 0 0 6 _ _  C~NqON NPTtNPNTVL�NTVL . . . . . . . . . . . . . . . . .  
C 
C 

|SN O00T REAOC~tIOOS)NbETS 
ZSN QQOB 0 0 1 0 0  Jx l tN$~TS  

C 

ISN 0010  I F ( J , E O , i ) i T I M E a l  . . . . . . . . . . . . . . . . . . . . . . . .  

C 
__/SN~O0t2___ CALL INV[mT ++-  

C 
+¢ 

ISN 0013 CALL ENSCAL (NMT�NTVLtENDPT,OISP tA-](  I ) 112111903 ( ! )  ,1411 ) 9 [MIS)  
. C . . . . . . . . . . .  

iSN 0014 LINaS0 
| S ~  00~5 00 30 I - | * N P T  
ISN 0016 | F | L t N e L T , S 0 ) b O  TO 2B 
[ S  N 0018  ~ - - 1  /RZTE(6 t I 000 )~EAD 
ISN OOlg WRITE(6+1003) 
ZSN 0020  L |Ns~ 
ISN 0021 28 CONTINUE 

___X~NO922 NN|TEIG*IOOAII*DI~P(Ilt(NTENII|*YCILCI|)qPERROR(1)eENI$(I) 
ISN 0023 L I N s L I N * I  
ISN 0024 30 CONTINUE 
|SN 0025  ~RI IE(B ,2OOO)J  
ISN 0026 _ -  VRITE(B.2OOI)MEAD 
ZSN 0027" WR|TE(St2002)wLeAIGeEN 

.... | $N 00ZS___~R~FJ0~2000)NPTjNTVLt_(NPI~_!VL(IJ.t.lJ~tNTVL)_ 
ISN n029 ITOPmNTVL*| 
ISN 0030 WRIT((8,2002)IAIII]tA2(IloA3(I)IAA¢I|tlm]jNTVL) 
|SN 0031 WR~TEISo2002)(ENDPT(I)t)a|j|TOP) 
ZSN 0032 WRITEIS+2002)(DISPI|)tENTENII)sZmI*NPT) 
|$N 0033 WRZT((8*2OO2)(PERR(~|I)eImI*NPT) 
ISN 0034 . . . .  V R | T E ( O , 2 0 0 2 ) ( ( N I S I I ) , I m I , N P T )  . . . . . . . . . . . . . . . . .  
|SN 0035 ~ R | T [ ( ~ e 2 0 0 2 | ¢ S O ( I ) e I ~ I e N P T )  
|SN 0036 ~RITE(B~2002)  CVC(ItI)~IaI �N'F 'T) 
ZSN 0037 d R l Y [ ( b t 1 0 0 0 ) ~ [ A 0  
ISN 0 0 3 6  e R l Y [ ( T t 3 0 0 0 )  
ISN 0039 ~ R I T E ( b . 3 0 0 2 )  

-- ISN 0 0 4 ~ - - - - - _ _  _ ~R~TE(G*~OOI)IOISP(I!+I[NT[N(~)tSD(|)~ENIS(|)�VC(|e~)~m|~NPT) 
ISN 00~1 100 CONTINUE 
~SN 0042 RETURN 

C 
ISN 00~3 1000 FORMAT I11~ .20A4)  . . . . .  

DATE T 6 * 2 ? ] l O S . S l * 0 3  
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JSN 004.4 

;SN O0~S_. 

ISN 00~6 

ZSN 0047 . . . .  

ISN 00~8 . 

ISN 0049 

ISN OOSO . r l  

ISN OOS| 
ISN 0052 

XSq 00S3 

C 
|003  FOHMAT(IX**|NV[RSXON RESULTSge///IXoJSTA**gSE*JD|SPLACE~ENTO* 

Z SXoolkrENS]TYIDATA)IISX*tINT[NS|TY(CALCI°*SEooPERCENT [RROR*o 
____3 5 X p ' [ ~ I S S I O N  C O [ F O )  

C 
lOOk F O R M A T ( I X t | 3 t L P 5 [ | g l 6 1  . . . . . . .  

C 
1005 FORMAT(|3) 

C 
?000 FORMATCZ613} _ 

C 
ZOO1FORMIT|ZOA4) 

C 
ZOO2 FOR~tATi402Oe|J! __ 

C 
30OOF0~NATLIX,e[RNOR ANALYS[SI~[SULT&L._,~TANOA~R~._D[~t~_L~.t~LL) 
3 0 0 1 F O R N J T ( I X t ] P S L | 9 , 6 1  
3002 FORMIT(SKt°O;~PLACEM[NTtt6XtO]NT[NSZTY(OATA|;t2XtlSTD D[V(ZMT[NSJT 

I Y I U t S X , t [ M I S  ~0 [F t *6X*PSTO 0 [ V | [ M | S  C 0 [ f )  t )  
END 

PAO[ OOZ 
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L(V(L  21 ,7  | JAN 73 J O S / T J ~ ' - - f l ) ~ R ~ ' ~  . . . .  

¢OMPIL[R OVTZONS - NAME• HAINgOPT~O2*LIN[CNT•S893|Z[uOOOOK* 
SOURC~*(BCO~CeNOLIST*NOD(CK*LOAOtNA#~NO(O~TtIOeXR~F 

I S N  0 0 0 2  SU~OUTIN[  INPUT 
C 
¢ 

. . . . . . . . . .  C _ .  T H I S  $UgROOTZ~[ DO[S rH[  ZNPUT Of" DATA FOR AO[L |NVERSION 
¢ 
¢ 

|3N 0003 IMPLICIT REALeS(A-HtObZ) 
ZSN 0004 |NT~G(R H[AD(~O| 

C 
__.ZSN O00S _ _  O|N(~NSZON NPNYVL||O),O;SP(S|),[NT[N(~I)I(NOPT(J2),AI(|O)eAZ(IOII 

1A3(]fl)IA4(|OJ*EMZS(SI)eYCALC|SI)*P(MROR($|)eSOCS1)*VC(ShS|) 
C 

- - z s N  0006 COMMON DISP*[NT[N*[MDPT*RO*A]tA2sA3tA41yCALCtP[RRORt2MIS*H[AD9 
1 ~L*A*G, [N ,  _ - SO*VC . . . . . . . . . . . . .  

ISN 0007 COMMON NPT,MPNTVLeNTVL 
C 
C 

|SN 0000 READ(S,|OOO|H~.AD 
|SN 0009 ~[AD|St l f lO?)~LeAgGe[N 
|SN 0010 H[JU(StIOO|)NPTeNTVL*IT|~q[ 
ISN O0|I--R[A~(S*|OO-|~£NRsJOOJ(NPMTYL(I)*I~I~NYVL| . . . . . . . . . . . .  

. |SN 0012 REAU(S*|OO2*ENRsIOIIIDISP(:IoENTENIII*SO(:)e|aI*NPT) 
|SN 0013 . . . . .  REJO(S~|OO2)Z~RO*CAL2*CAL3tCAL41CALStCAL6 
|SN 0014 . . . . .  [F(CAL2*(Q*O*U|CAL281*O ...  
|SN 0016 |F(CAL6*EO*O,U)CAL4RI*O 
ISN 0 0 1 0  ~RIT[f6o2OOO)M[AD - . . . . . . . . . . .  
ISN 0019 ~ R I T [ I 6 * 2 0 0 I !  
|SN 0020 VR|TE(6*2002)NPT*NTVL 
ISN 0021 HRIT[I612OO3)(NPNTVL(IJ,ImI*NTVL) 
ISN 0022 VRIT[(6o2OOS) 
ISN 0023 WRII[(612OO6) tDISPII)*[NTEM(I)gSDII)wIml*IqPT| 

C 

¢ CON¥[RT ;N~UT SEAL[ R[ADZNGS TO |NT[NSITZ($ 
ISN 002* DO I I . ) , N P T  
|SN 0025 I DISPCl)eOABS(UISP(II'¢AL3)eCAL4 
ISN 0026 [ q O ~ T l l l a O , O  

ISN 0028 JSaNPNTVL(|) 
|SN 0029 DO l 0  |a I *NPT 
|SN 0030 I F i | . N [ e J S )  ~1 TO S 
|SN 0032 J s J * |  
ISN 0033 . . . . . . .  IF(J .N[ ,NTVL*I |JSmJS*NPMTVL(J)  . . . . . .  

_LSSN. .O035  . . . . . . .  I .F( |eN[~N(~T)C.~. .  TO k . . . .  
|SN 0037 [NDPTIJ) tDISPtNPT) 
ZSN 0038 |F i Je [O*NTVL* ; )  GO TO S 
I S N  0040 vRIT[t6t3OOO|M(AD 

. I S N  0041 . ~ [ T ~  
ISN OOk2 ---6 CONT|NUi[ 

_JSN_OOk3 . . . . .  [NOPT(J)~(DIS~iI|_*OlSP[|*|))eOoS . . . . . .  
|SN 0044 S CONTINU( 
ISN 0045 . . - -  FACRSO(I) / (NTLN(| )  
|SN 0046 (NT tN I I )m(ENTtN I | ) *ZERO| ICAL2  
ISN 0047 SD(I)mFACe(NT~N(|) 

DATE 7 6 , 2 7 1 / 0 6 , $ 1 , 0 &  
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ISq 00~8 
|SN 0049 
ISN 0050 
|SN 0051 
ISN 40S2 
ISN 0053 
|SN 005~ 
|SN 0055 
ISN 0056 
ISN 0057 
ISN 00S0 
ISN 005q 
IS~* 0060 

iSN 0061 

ISN 0062 

ISN 0063 

|~N 0064 

IS~ 0065 

[SN 0066 

[Sq AObT 

[SN 0066 

ISN U069 

ISN ~070 

ISN 0071 

]SN 0072 

ISN 0073 

|O CO~T|NU(  
WQ|T(¢6,2OO4I¢(NOPT(|)eEI|,NTVL) 
WRIr~(6+2000) f l (AO 
WRI|£(6+2007) 
w~IrE(6e200~Ii0|SP(1)eE~TENiZ)eSOI|)sImIlI~PT} 
(NO~T(NTVL*I )mn[SP(NPT) 
~mUTSPINPTI  
~(TUR~ 

4000 FORM&T| I I t+ |Xe I (RROR IN NP~NV~I| 
l f l |  ~ R I I E ( T I ¢ O 0 1 ) I  

4 0 0 1 F O k ~ & T ( / / t l X * ~ | = * * | § ]  
~ETURN 

C 
|000  fOkMlT4~nA4) 

¢ 
10n| FORNJTI+6/3) 

C 
1002 F~ I~MIT I6EI2 .0 )  

C 
~000 FORMATJt | I I~0&4I  

C 
2001FORMJT( ]Xe* |N~UT DATJ*) 

C 
2002 FORNAT(I |X*INUHO[R OF PO~NTSmIe|)eI |KeeNUNR(R 04 r ~NT[RY&LSmte]) |  

C 
~Of13 FOHN&T(|X~tN~4H(R OF POZNTS P(R | N T [ N V & L l l , 2 6 | 3 )  

C 
~00G FORM&II / |X t tGI .G|NNING POINT OF [AC~ L N T ( R V A L I | * / ( I K e | P i ~ ( | ) * 6 ) )  

C 
2005 FORMAT( / / |X ; ; I * iPUT  OAT& AN~Aye| 

C 
200& F ~ R N i T I I A * 3 I | ~ [ | 3 , G I S X ) )  

C 
200T FORMAT¢|X+eINVUT (X t |NT [NS|TY*ST0  0EV) A R R & y i , / / ~ !  

¢ 
3000 F O R N J T ( e | l e 2 0 A ~ e / | X t t J  00~S NOT M~TC~ M|TN NTVL e) 

C 
[Nn 

PAG[ 002 
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- - ' i S N / O 0 0 2  

ISN 0003 
ISN 0004 

ISN'O00S 

ISN 0006 
ISN O00T 

I ~L*a~G~EN* 
--~-~SN-0008 . . . . . . . . . .  CO~MO~ NPT*NPNTYL*NTYL 

C 
l s ~  ooo~ ~ , ~ L  ~ovcAL . . . . . . . .  

C 

LEVEL 7 1 . 7  ( JAN 73 | . . . . . . . . .  O$/~160---IFONTRAiQ'--14---- 

. . . . .  C O N P | L ~ ? ~ O N ~ - "  NAME8 MAINeOPTm0ZeLZNECNTmGNe$|ZEa0000Ke 
~ _ _ _ _  SOURC~*EBCDICoNOL|ST*NODECK*LOAO*MAPtNOEDIT*IO*EREP 

SUBNOUT|NE ZNVERT 
C 

IMPLICZT REALeRIA 'HIO°2)  
INTEGER HEAO(~0) 

C 
OINEN$]ON NPNIVL{I01oDTSP(SI|eENTEN|~I).ENOPT(I2IpAI(10)tA2(IOIe 

I A3(10I*AA(10JtENIS(SI|*YCALCISI)oPE~ROR(S|)eSO(SI)*¥C(Si*SI) 
OINENSION YSPLN410,|0)*ZSPLNI|0oIOI*NORK(IJ) 

SO*VC 

ISN 0010 ZIa[NOPT(NTVLJOe2 
ISN 0011 . . . .  Z2aENOPT(NTYL*I)eo2 
ZSN 0012 Zl2aZleZl  
ISN 0013 Z l 3 a Z I 2 * Z |  
ISN 0014 Z 2 I G Z 2 * Z 2  . . . . . . . . . . . . .  
ISN 0 0 | 5  ZZ2mZ21eZ2 
|SN 0016 C l m & | ( N T V L ' I )  
ISN 0017 C2BAZ(NTVL-1) ........ 

~ S N  o o l e  C3 ;A3 iNTVL-1 )  
|SN 0019 CABAk(NTVL*I )  .................................... 

- - [ S N  0020 Y | I C I * Z I " ~ ( C 2 e L ] e ( C 3  *CAeZ1))  
ISN 0021 YIP m C2" 2 .0  e C3 e Z|  " 3 * 0  e CAeZ|2 
ISN 0022 DENzZ1-Z2 
|SN 0023 CAuqY1P'2*0eYI /OEN)/ (DENaO(N|  " . . . . . . . . . . . . .  
;SN 002k C31Yt / (OENeOEN)-CAe(Z|~Ze0eZ2)  
|SN 0025 C2m-72e12*0eC3*3*0eCAeZ2)  
ISN 0026 " C I m ' Z 2 e f C 2 * Z Z ~ I C 3 * Z 2 u C A ) )  
ISN 0027 AI (NTVLImC|  . . . . . . .  
ISN 0028 A2(NTVL)mC2 
]SN 002g A3(I~TVL)sC3 . 
ISN 0030 A4(NTVL)aC4 

C O]SPLAY COEFfJCZENTS FOR THE |NTENS|TY CURVES 
ISN 0031 WRZTE(AoIOOOINEAO 

_ | S N  0032 . . . . .  IO00FORNAT(~I~o2OAA)  ................................... 
|SN 0033 WR|TE(6o|0011 
ISN 0034 1001FORMAT( I~o°CU~I¢  COEFF IC IENTS%/ / / )  
ISN 003q dRITE(6wlO02| 
ISN 003~ 1On2 FORNAT(2XlOlNTERVAL STARTOo2X*!INTERVAL [ N O * * t X g ° A I ° o | 3 X o e A 2 ° e 1 2 X o  

I ; A 3 o , I I X I I A A t J  
ISN 0037 VRl fE(6o |OOS)  (ENDPTI|)IENDPTCl*lI~AIII|oA2(I)tA31IIeA4(l)o 

2 |m| INTVL)  
ISN 0038 1005 FORNAT(|PbEIS.6)  

C 
C CALCULATE ZNT~NSITIES AND PERCENTAGE ERROR 

ISN 0039 Ja l  
|SN 0040 . . . . . . . .  O0 40 I s l t N P T  
ISN 0041 A a O I S P ( l I e * 2  
ZSN 0042 [ F ( x * G T e E N O P T t J * l l e e 2 ) J m J * |  
|SN 0044 C | z A I ( J )  
ISN 0045 C2aA2(J |  

DATE ? 6 . 2 T l t O B e S | . | O  
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L [ V [ L  Z l . 7  C JJN T3 | OSI~O---#O-~fRAN N . . . . . . . . . . . . . . . . . .  

- -  ¢ ~ L [ ~ Z ~ S  - - N A S a  - MAIN*~T;02oLIN(CNTISB*SIZ(aOOOOK, 
. . . .  SOURC~e[BCOIC*~IST*NOOECK*LOA0iNAPINO[DZT*IOtKm[F 

Z ~  0002 S ~ T L N [  [~SC&LC~TtNTVLo[NDPT*OI~tAI*A2;A3,A&*[N~S) 
ISN 0003 LMPL|¢~T REALeB(~-HtO-~)  
ZSN 0004 O]M~NS|ON [ND#T(I)*O]SP(I)*AIII)*A2IIIjA3I|)*Aktl)o[MXS(I) 

__ .ZSN 000S . . . . . . . . .  J * l  
|SN 0006 O0 60 l m h q ~ [  
ISN 0007 [ N l S l l l s 0 , 0  . . . . . . . . . . . . . .  

ISN 0006 XmDiSP(Z) 
ISN 0009 ~ | I * ( Q * ~ P T |  ~0 T~ 60 
ISN 0011 | ¥ ( X * G T , ( N O P T I J * I | ]  J I J * l  

X S N  0013 . . . . . .  [MIS(Z)8(FtFUN(2.OOA2fJ)e4.OOA34J),6.0eA4(J)eX,[NOIDT(J*I)) 
XSN 0016 |F IJe (OeNTVL)  GO TO 60 

_ I S N  0016 IBOToJ* I  
ZSN 0017 DO SO K - | 8 O T ~ V L  . . . . . . . . . . . . . . . . . . . . . . . . . .  
XSN o018 2 .1sJ  I)-_[NLSLI|*2_____~UN(2,O¶#~CK),4,~¶A3C~),6.0*A4(._K)_tXg[NDPT.(K*I))- . 

Z [MFUN(2.OeA2IK)ek.OeA3(KIo6eOOA4(K)oXo[NOPT(K)I 
ISN 0019 SO CONT|NUt[ 

~ S N  0020 . . . .  60 " C0~TTNUE 
ISN 0021 ___RETURN. 
] S ~  ooz2 [ ~ 0  

- O I T ~ -  7 0 , 2 7 1 / 0 8 . S | . 1 3  
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LEVEL 2 1 . 7  ( JAN 73 ) OS/360 FORTRAN H 

C 0 + I L E R  0~I IONS - ~ANE= MAINe0PTa02tL~NECNTsS~0S~TEa0000Ke 
SOURCLtEBCOICtNOL|STtNODECKtLOADtqAP~NOED|T~ZO*XR(F 

ISN 000~ DOUHLE PRECIS;0N FUNCr|0N EMFUN<A2w&JwA4oRt¥| 
ISN 0003 IMPL |C |T  R(ALeO(A 'H tO-Z)  . . . . . . . . . .  
;SN 0004 P I n 3 , 1 4 1 5 9 2 6 5  
;SN 0005 FeYeY-ReA 
ISN 0006 I F ( F , L E e l * 0 0 - J 0 )  GO TO 10 
ISN 0008 Fn0~ORT¢F) 
ISN ()00q r laA~eF 
;SN n010  T 2 a A 3 e I y e y ~ . U e R O R f e F / 3 e 0  
ISN 00 |1  T]aFot3e0eYOl4*6e0eRoReYeY*8.0e~ee+)/ISo0 
ISN 0 0 | 2  T]a&4eT3 
|SN 0013 20 CONIINUE 
[SN 0 0 ] k  T I=T I~T2+T3  
[SN 0015 ENFUNs-TI /P [  
[SN 0016 NETURN 
ISN 0017 |0  EMFUNvO,O 
ISq 0018 RETURN 
ISN ~019 E~O 

DATE Y 6 , 2 7 1 / 0 8 , S h | 6  
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LEVEL 

|SN 
_ _  +_ 

|SN 
|SN 
;SN 

ISN 0006  

|SN 0007 
ISN 0008 

ISN 0009 
ISN 0010 
ISN OOII 

21.7 ( JAN 23 ) 0S/360 FOMTRAN H 

CONP|LER OWTZONS - NA~fl[m--MAIN*OPTmO2tLINECNTmS6oSIZ(uOOOOKI 
SOURCkp(OCOICtI~OL|STINOD[C~tLOAD*MAPINQEDZT+|O~K~F 

0002 SUBNOUTINE COVCAL 
C +. . 

C , * . * *THIS  SUIINOUTIN[ P[RFOAt*IS THE EMNOR ANALYSIS 0PEMATIONS...** 
C 

0003 IMPL]CIT REALeOIA-N,O.2| 
0004 |NT~GER HEAO¢~O) 
000S O|M~NS|ON NPNIvLI]OItUISP(SI)+ENTENI~I)*ENDPT(12)9Ai(IO),12110], 

I A3iIO)tAAIIO!tEH~(SI)I¥CALC(S|IIP[NROR|S]|eSOIS|IoVC|S|,S|), 
XTX(bT96?)e~I(67,SI I ,JV(40) 

COMMON O|SP.ENTEN.END~T~O*AIIA2*A3*A~tYCALC,PERROR,E~|SgH~AD, 
I MLIAIGIENI SOTVC 
CO~MON NPT*N~NTVL*NTVL 
CO~0N /REX/ 6167.S11 

C 
¥|(AtE)mI2*/3¢|41S926SIeDSORTIIAeA).i~)) 
F2(Aeq)814*/(Jee3*IkIS926S|)e(OSQRT||AeA|-ISe~)I)I|IA~O),I2,IRe§)| 
F3(AeS)846./(JS*e3.1~iSQ26S))e(DSORT((AeA)*(~*81|)eI(3~Ae&eAeA| * 

] (4,e&eAeSeBJ~(8.e8~SoBoS)) 

ISN 0012 
ISN 0013 
]SN 0014 
ISm OOIS 

+ _ l J ~  o016 

zsn 0QZ? 
ISN 0010 
]SN 0019 
ISN 0020 
ISN 0021 
|SN 0022 
ISN 0023 
]SN 0024 
ISN 002S 
ISN 0026 
ISN 0027 
ISN 0029 
ISN 0031 
lSN 0032 
ISN 0033 
ISN O034 
ISN 0035 
|SN 0036 

ISN 0038 
ISN 0039 
ISN 0041 

~ N  oo_ 4a .... 
ISN 0043 
ZSN 0044  
ISJN 0045 

ISN 0046  

NTVL4s4!N~.¥~. 
NTVL41oNTVL4*| 
NTVL42aNTVL4-£ 
qt')mltNTVL.3 
qTI~mIOeNTVL 

C 
O03iBL*MO 
D03JoI*NPT 

3 XT(I+J)mO,O 
KIa l  
K280 
K4eK|*3 
L ' !  
O0§JaIINPT 

. K m O  

O 0 + I - K I o K 4  
. . . .  !F<m.EO.OiGOTQ200  

IFt~tS+(J)*(Q*O.0)GOI02IO 
XT|IgJ)an|SP|J)eeK 
GOTU20] 

200 X T ( | e J ) o | , 0  
GOTO201 

210 XT~I*J)=O,O 
201KmK*2 

4 CONTINUE 
KZ=K2*| 
IF(K2*NEeNPNTVLIL))GOTOS 
KlaK4*| 

-. KAoKI*3 _ 
K2mO 
LmL*I 

S CONTINU( 
¢ 

O 0 6 1 - l l m D  

DATE 260271/08,51,20 
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ISN 0048 
ISN 00~9 
ISm 0050 
ISN 0051 
ISN 0052 
ISM 00S3 
ISN 0054 
ISN 4055 
ISN 00S6 
ISN 0057 
I S ~  0058 
I$~  OOSq 
ISN 00~0 
ISN 0061 
ISN 0063 
15~ 006S 
ISH 0066  
| S N  0067 
I S ~  0066 
ISN 0069 
ISN 0070 
|S~ o0? l  
ISN 00?2 
ISN 0073 
ISN 0075 
ISN 0076 
|SN 4077 
[SN 0478 
ISN o070 
| SN  0 0 0 0  
ISq o001 
ISN n082 
15~ O084 
ISN 0 0 8 5  
IS~J 0 0 8 6  
IS~ 0067 
ISN 0 0 8 6  
ISN 0 0 8 9  
ISN 0090 
ISN 0091 
ISq 0092 
ISN 0093 

|SN ~09~ 
lS~ ~09b 
|SN ~n96 
|SN 0007 
IS~ 0090 
ZSq ~099 
IS~* 0100 
15~ n101 
IS~ 0102 
15~ ~103 
15N 0104 
I ~  n l o b  
15~ 0 1 0 6  

4 X T X C I I J I : 0 * 0  
N2m4 
K181 

. K81 .  
K3=0 
K280 
l e l  
d C - i  
M3al 

. . . .  H~VuNPNTVLiK) 
OOqJalo~TlO 
SUMmOeO 
00?LmKIeMSV 
I F I K 2 . [ 0 0 0 ) G O I O 2 0 2  
IF tU ISP(L IeE0e000)GOT0?  
SU~SSUM*OISP(L)OeK~ 
GOTU? 

202 S ~ t N P N T V L I K )  
Le~SV 

Y CO~TINt~ 

XTX(T,JCJ-SUM 
XTXCJCoI}uSUN 
I r I K 3 , ~ 0 . ~ 2 ) G U T 0 2 0 3  
JCmJC*I 
K2 ,K?*?  
UOTUq 

2 0 3  l e l * |  
J C - I  
K3:0  
N2eM2-|  
IF (~2 .EO,O)O010204 
K2aK2-(M2°M3) 
M3mN3*I 
GOTQ9 

204 KlemqV* l  
KmK*| 
MSVe~V*NPNTVL(KI  
M284 
Kp80 
- 3 8 1  

0 CONVINO( 
C 

J s |  

001b |aNTVL61 tW) t3  
X T X l l e J ) m | m / ~ *  
X T X I J q | ) a X T X | L * J )  
X T X ( I . J o k I s - X l X ( I ~ J )  
X T X ( J * 4 1 1 ) N X T A ( I ~ J * ~ )  
ATR(|oJo])i(J,/2eIe(NOPT(K)e[qOPT(K) 
X T X C J * I t | I n X T A ( I o J e | )  
X T X ( | * J * S I s o X l X ( | o J * t )  
X T X t J * S � I ) s X T ~ ( I e J * S )  
X T X ( | e J * ? ) s ( I * / 2 , ) o ( M ~ P T | K I e e 4  
X T X ( J * ~ * | ) u X T A f I * J * 2 )  

PAGE 00~ 
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ISN 0107 
|SN 0108 
ISN 0109 
ISN 0110 
ISN 0111 

_13N 0 1 | 2  . . . . .  
ISN 0113  

|SN O i l s  
ISN 0116 
ISN 0117 

_ ISN OUS 
ISN 0119 
[SN 0120 
ISN 0121 
ISN 0122 
|SN 0123 

__LSN J 1 2 4  
ISN 0125 

j NS~_O 12~_ 
ZSN 0127 
ISN 012A 
ISN 0129 
ZSN 0330  . 
ZSm 0131 
AsH 0132  
|SN 0 1 3 3  
|SN 01~4  
ISN 0135  
|SN 0136  
|SN 0137 
ISN Ol30 
ISN 0139 

ISN 0140 

iSN 0141 

X T X l l e J * 6 1 o o X f X ( I e J * 2 )  
K T X I J * 6 1 | I o X T A ( I I J * 6 )  
X T X I h J e 3 I n ( I o / 2 e ) o E N O P T I K ) o e 6  
X T X I J e 3 J l ) e X T ~ I I e J * 3 )  
X T X ( h J e ? ) e o X T A I | I J * 3 !  

X T X | J + 7 + I ) e X T I I l e J + ? ~  . . . . . .  
X T X I | * | * J e l ) = L N O P T ( K I  
X T X I J e I ~ | * I ) a A T X 4 1 * I I J * I i  ._ 
X T X i I * Z o J * S ) m - X T X I I * I o J * I )  
X T X ( J e S t | * I ) m A T X ( l e l e J * S )  
XTXIT*I , J*2)mdeeENDPT(K)oo3  
X T X | J e 2 9 1 * | | s A T X ( | t | e J * 2 )  . . . .  
A T X I I e l g J * 6 I m - X T A I I e l ~ J * 2 )  
X T X I J * J 9 1 * I | e £ T X I I e | * J * 6 1  
X T X I I o I * J * 3 I e + , o E N D P T I K I e o S  
A T X ( J * 3 * I * I ) I A T X 4 1 * i * J * 3 )  
A T X ( ~ * I t J * 7 ) m ' X T X I | e I * J * 3 )  

A T X | I * 2 * J * I ) 8 1 ,  
X T X C J * I * I ~ Z ) 9 1 ,  
X T A I I * Z e J * S ) m * I *  
X T X I J e S e I * Z ) m A T X I I e 2 * J * 5 )  
XTX(~*2tJ*2)mA,eENOPT(K)eENOPTiK| 
X T X ( J * 2 ~ I * Z ) u A T X I | * 2 * J * 2 )  
A T X ( I * 2 * J * 6 ) e * X T X ( I * Z e J * 2 )  
x T x ( J * I t | * 2 ) m A T ~ I I * Z * J * i ~ _ _ _ _  
XTX(IeZIJ*31815 ,oENOPTIKIOO4 
X T X l J * 3 e l * 2 I n ~ T X ( I * 2 e J * 3 )  
A T X I l * 2 * J * ? ) = * X T X ( I * 2 * J * 3 1  

. . _ _  X__.T~IJ*?,I*2)_n~TXCJ_+..P.JJ~?~ . . . . .  
JwJ*4 
KaK* |  

IS CONTINUE 
¢ 

¢ _ 
CALL NATINV(NTSeMO) 

00131oIeNO 
ISN 0 1 4 2  . . . . .  ool3~elt_~_T . . . . . . . . . .  
ISN 0 1 4 3  13 X < I * J ) = 0 .  
ISN 0144. 00301.1,~10 
ISN 0145 D030J81eNPT 
|SN 0146 +. . DO30K-19NO 
ISN 0147 30 X I | , J i a X T X I I e K ) O X T I K t J i I X I h J )  

C 
- I S N  01~8 005Z;u IgNTVL4- - -  + 
_ _ t ~ 0 _ 1 4 9 _  S t  A V ( I ) . 0 . 0  

ZSN 0150 OOS3taleNTVL4 
- ZSN 0151 DOS3Ja|INPT 

ISN 0152 +---S3+&Vii)IXIi,J)6~NTEN|J)+IVII) 
¢ 

- - ISN 0153 JJml 
_ J ~ N  0 | 5 ~ _  O O r ' j 4 1 e l , N ~ _ _  

ISN 0155 J l l l ) u l V l J J )  
~$N 0156 . . . . . . . . .  J 2 1 I ~ a A V ( J J * I )  ' 
ISN 01ST A 3 1 | ) o A V ( J J * 2 )  

+|SN 0158 _ A 4 I I ) i A V I J J * 3 J  

IoAK 003 
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|SN 01S9 

ISN 0160 
_JSN.0161 

ISN 0162 

ISN 0163 
ISN O l b l  
|SN 0165 
| $ N  0 1 6 6  _ ___ 
ISN 0167 
ISN 0168 
ISN 0170 
ZSN 0171 
ISN 0172 
ISN o173 
[SN 0 ] 7 4  
lS~ 017~ 
[SN 0276 
[SN 017~ 
[SN 0279 
ISN 01A0 
ISN 0161 
ISN 0182 
ISN 0283 
ISN 0 I F ;  
ISN 0185 

ISN 0280 
ISN 01~7 
ISN 0188 
ISN 0189 
|SN 0190 
ISN 01ql  
ISN 0192 

ISN 0193 
ISN 0194 
ISN 0195 

ISN 0196 
ISN 0197 
ISN n198 
ISN 0199 
ISN 0200 
]SN 0201 

ISN 0202 
ISN ~203 
ISN 020~ 
ISN 0205 
ISN 0206 
15~ 0207 
ISN 020~ 

ISN 0209 

24 J J I J J * 4  
C 

0 0 3 1 1 8 1 . ~ T  
_ _ _ _ J 0 3 t 4 - 1 * " 0  

31XTX l~eJ )mO.O  
C 

NPTIsNPT* |  
J1sl 
J2=2 

. O 0 1 ~ ] = l , k ~ 7 1  . . . .  
0 - O I S P ( [ I  
| F ( U . G T , [ N O P T | J ] * I ) ) G O T 0 1 6  
GOT~|? 

16 J l = J l * |  
J2=J2*4  

17 ~TXI|tJ2tn'4r|tENOPT(Jl*i)oD;SP(|)~- 
XTXI|tJ2*I)m-~2(ENOPT4JI*Jlo0ISP(II) 
XTXI|¢J2¢21s-~3((NOPT¢JI¢IIIO|SP(I|)_ 

I F i J 2 , ( Q , N T V L ~ 2 ) G O T 0 1 9  " -" 
K l a J 1 * I  
J24mJ2*k 
DO[0KsJ2~eNTVL~9~ 
XTX|t¢K)mF]I(NOPT(KI)*OISPI|))-FI('[~PTIKi-I)IO]SP(;)) 
XTXittK*l)mF24[NOPT(K1)tO|SP(I)I-rZ¢(NOPTiKI*i)pD|SP(~|) 
XTX|t,K*2)aF3([NDPT¢KI)t01SP(I)I-F3¢[NOPT(KI*I~IDISP(~)) 

18 K | = K I * I  
19 CONTIN~[ 

C 
~020Ts1,NPT 
DO20JsI~NPT 

20 x T ( I . J ) 8 0 * 0  
D0211mI.NPT 
002 IJmI*NPT 
O 0 2 ] K - I . M 0  _-- 

211T(I.J)sXT~([eK)IX(KeJ)exT(hJ) 
C 

O 0 2 ~ I : I . N P T  
OO22J=I ,NPI 

- 22 X T X t J . | ) m ~ T I I s J )  
C . . . . . .  

O02b[e ] tNPT 
D02bJal tNPT 

25 x ( Z , J ) = 0 , 0  
I)02bImle~tPT 
O026JeIeNPT 

~6 l l i , J ) m X T ( l t J ) e S O ( . J l S S O { J )  
C 

00271a | ,NPT 
0 N 2 t J I | i N P T  

27 v C ( l . J J 8 0 , 0  
002~Im2*NPT 
O020JIJºNPT 
O02~KIIeNPT 

20 YC(|sJ)n~([,KJeKTX(KsJ)*VC||~J) 
C 

~ 0 2 ~ | s I | N P T  

P A G [  0 0 4  
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A E  D C - T R - 7 6 - 1 6 3  

LEVEL 21 .7  ( J~N 73 I 0S/360 FOHTRAN H 

CONP~LER O~T[0NS " NA~EI MA|NIOPTI0~ILINECNTIS~tS|ZEm0000KI 
$OURCt*E~C0|CtNOLISTeN00(CKtL0&OINAP~NO[OIT*Z0eXRKF 

ISN 0002 
TSS 0003 
XSN 0004 
ISN 000S 
ISN 0006 
XSN 000T 
ISN f1008 
ISN 0009 
ISN 0010 
ISN 0012  
]SN 0013 
ISN 0014 
ISN 0016 
ISN 0017 
ISN OOlq 
[S~ 0020 
[S~ 0021 
[5N 0022 
ISN 0023 
IS~ 002~ 
ISN 0025 
IS~ 0027 
XSN 0026 
ISN 0029 
lSq ~030 
ISN 0031 
IS~ 0033 
1S~ 003~ 
ISN 0035 
IS~ 0036 
ISN 0037 
ISN 0038 
ISN 0039 
ISN 40~0 
ISN O0~L 
tSN 00k2 
|SN 0043 
1SN 0045 
ISN 0046 
ISN 0047 
[S~ 0048 
lS~ 004q 
ISN 0050 
ISN n0s l  
ISN 0052 
ISN 0053 
ISN 0055 
XSN 005b 
ISN OOS? 
ISN ~ 0 ~  
ISN ~0S~ 
I~N n060 
ISN O0~l 
ISN 00~2 

SUB~04JTIN[ MAIINV t i e  NN| 
[MPLIC[T REAL*e(A-H.0oZ} 
O|MLNSION A I b l 1 6 ? I o L D C A T ( [ G T ~ | - - - -  
00 I NsI,NN 

I LOCATE(No3) I U 
U~ 14 Nm|oNN 
l - i X =  0.00*0  
00  b |m|oNq 
iF ! LOCl r [¢ |o3 loEO.O ) GO TO Z 
GO TO 

2 UO 5 Js] tNN 
IF ( L O C A T [ ( J i ] I * E 0 * 0  ) 00 TO 3 
bO tO S 

3 I F I U A q S I A I | e J I ) , G T , A ~ A X )  GO TO 6 
Gq 10 $ 

4 ~MIXIOAR5 E l ( | + J ) )  
IR0~s | 
JCOLa J 

S CONTINUE 
6 CONTINUE 

|F ( ~MIX,GT,~,O0* IS ) GO TO ? 
GO TO |~ 

? LOCATEIN*I) I  lROi 
LOCATEIN,2)g JCOL 
LOC&TEKJCOLe3Ia I 
| r  ( |~O~.~(.JCOL I GO TO 8 
GO 10 10 

n 00 ~ JmLt~r~ 
SW&Vs l ( T ~ O ~ t J )  
4( ]NOW*J)I  IKJCOLoJ) 

q A lJC~L tJ )e  SWaP 
|N PZVUTa A(JCOLtJC~.) 

4(JC~LeJCOLIm 1*00,0  
00 LI JsI INN 

I1 &(JCOL*J) I &iJCOLoJ) / PIVOT 
0~ 14 I s |+NN 
IF ( l ,mE.JC0L ! GO T0 12 
3n TO 14 

12 Fa A(I~.ICOL) 
I I l * J C 0 L ) *  0 , 9 0 - 0  
O0 13 J I l * + N  

13 l l l i J I s  l C t , J I  " F IA IJCOLIJ I  
|k  C~NTINU( 

J~ 17 NI | ,NN 
L I  NN*N*I 
IF I LOCATECLol),q(,LOCATECL,~| ) GO TO IS 
GD T0 11 

IS [~Dmm LOCATE(L, l }  
JCOLs L~C&TE(LtZ) 
On lk  K i |+~N 
~VAVu AIK+|ROII  
& (Xo [~U)s+& IR i JC~L )  
& I ~ I J C D L | I  SIAP 

|A CONIINU[ 
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--F~B-LEVEL LINKAGE EDITOR OdPTIONS S v E C I F [ E D - - L E T ~  
DEFAULT OPTION(S1 USED - SIZE=(L003S2o122881 

NODULE HAP 

CONTROL SECTIOq 

NAPq~' ORIGIN LENGTH 

MAIN O0 702 
INPUT 708 .. 79U 
INVERT EgG 47b 
ENSCAL 1.310 ~ [o  
EHFUN 1120 27C 
COVC&L I9JO 1094b 
~ATXNV 122F0 _ _ B3A 
ZHCLSGRTe |2R30 |SU 

|HCFOXP|e 12C90 14U 

IHCECO~* 12DE0 FGI 

|HCCOMH2 e 130k8" GSO 

;HCFCVTHe 143J8 I |BS  

|HCEFNTH • 1SS60 54~ 

XHCEFIOS • ISAAB F20 

[HCFIOS2 t 14900 S2b 
ZHCERR~ * 16tO0 S0C 

IHCUOPT • ]T4E0 300 
IHCETRCHe 1TTE0 26E 

IHCUATBL • 17A70 63~ 
SDLANKCOH |~OA8 5020 

REX LOOC~ 6aCe 

ENTRY 

N&HE LOCATION MANE L0_C,tTION . NJe4(_ LOC&T.10N ,. ; NA0q[ LOC&Ti0N _ 

DSORT IZ~30 

FOxP|# |2C90 

IBCOH# . . 1 2 0 E 0  FDIOCSa |?Ego INTSVTCN 

SEOOASO I40CO 

ADCONg 143A8 FCVAOUTR |44S~ 
FCVIDUTP I49EE FCVEOUTP lkEF0 

ARITHB |SSG0 ADJS~TCH - 1SBFC 

F|OCSe |SAA8 FZOCSBEP ISAAC 

ERRMON |6F00 IHCERR( - - -  ISF|B 

FCVLOUTP 
FCVCOUTR 
. 1. 

13026 

1 ~ ( 2  
I S l 0 *  

FCVZOUTD 1463A 
INTGSWCH IS3F3 

IMCTRCM ITTEO ENRTR& 17?E6 

ENTRY ADDRESS O0 
TOTJL LENGTH 24B90 

****USERRROO DOES NOT EXIST NuT HAb BEEN ADDED TO OATA SEt 

lO0 
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NOMENCLATURE 

A Matrix of curve fit coefficients 

aki 
Coefficient of x 2(k-I) in the k th interval 

B Linear transformation matrix, defined in Eqs. (13) 

and (14) 

C Vector r e p r e s e n t i n g  r lgh t -hand  s ide  of l e a s t - s q u a r e s  

equa t ions ,  def ined by Eqs. (11), (13), and (19) 

E Matrix of emission coefficients 

[ E] cv Variance-covariancematrlx for emission coefficients 

F Represents matrix product ,  MW 

F1,Fk,F n Funct ions  in developing l e a s t - s q u a r e s  equa t ions ,  

def ined  by Eq. (8) 

G 

I 

Matr ix  of powers of x, Eqs. (19),  (20), (21) 

Radiance,  g e n e r a l l y  wa t t s / cm2/s r ,  but for  i l l u s t r a t l v e  

purposes ,  a r b i t r a r y  un i t s  

i,J,k Dummy s u b s c r i p t s  

M Matrix of coefficients of the curve-flt coefficients 

Eqs. (23) and (24) 

m Number of points at which emission coefficient is 

evaluated 
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Number of points in the k th interval 

N Submatrix of B, defined in Eqs. (17) and (18) 

n Number of intervals 

P, 
3 

Pk(X) 

Submatrix of R, defined in Eq. (16) 

Polynomial in k th interval, Eq. (5) 

P Number of points 

Qj 

R 

Submatrix of N, defined in Eq. (18) 

Submatrix of B, defined in Eqs. (15) and (16), or 

outer radius of emission source 

Radial position, generally cm, but for illustrative 

purposes, arbitrary units 

S, 
3 

S k 

W 

Submatrix of G, defined in Eq. (21) 

Sum of squares of residuals, defined in Eq. (6) 

Matrix product B-IG 

X Displacement, generally cm, but for illustrative 

purposes, arbitrary units 

Y Column vector of radiance; also used in place of I in 

Appendix A 

{Y]cv Variance-covarlance matrix for radiance 
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Y 

Z k 

b E 

~k,1 

~k,2 

~k,3 

AE DC-T R-76-163 

Scalar member of Y, radiance 

Right side abclssa of k th interval 

Emission coefficients, generally watts/cm3/sr, but 

for illustrative purposes, arbitrary units 

Lagrange's undermined multiplier 

Vector of mean values of radiances 

Vector of mean values of emission coefficients 

Expected value operator 

3.14159265 

Constraint on polynomial at Z k 

Constraint on first derivative at Z k 

Constraint on second derivative a t  Z k 
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